Design and analysis of a 9 DOF : hybrid parallel robot by Rakhodaei, Hamid
  
 
 
Design and Analysis of a 9 DOF  
Hybrid Parallel Robot 
 
By 
Hamid Rakhodaei 
 
A thesis submitted to  
The University of Birmingham 
for the degree of 
DOCTOR OF PHILOSOPHY 
 
                                           School of Mechanical Engineering 
University of Birmingham  
Birmingham, United Kingdom 
 
October 2013
 
 
 
 
 
 
 
 
 
University of Birmingham Research Archive 
 
e-theses repository 
 
 
This unpublished thesis/dissertation is copyright of the author and/or third 
parties. The intellectual property rights of the author or third parties in respect 
of this work are as defined by The Copyright Designs and Patents Act 1988 or 
as modified by any successor legislation.   
 
Any use made of information contained in this thesis/dissertation must be in 
accordance with that legislation and must be properly acknowledged.  Further 
distribution or reproduction in any format is prohibited without the permission 
of the copyright holder.  
 
 
 
 I 
 
 
 
 
 
To Sedigheh and Abdolmohammad for all patience and supports.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 II 
 
Abstract 
 
The research presented in this thesis discusses the design of a new configuration of a hybrid 
parallel robot with nine degrees of freedom. The robot contains a hexapod and a tripod, 
which are connected serially to one another. Parallel robots have been studied due to their 
high stiffness and accuracy rather than serial robots. However, parallel mechanisms have 
not been widely used in industry due to the lack of workspace and singularities of their 
structure. A major advantage of the proposed hybrid parallel robot is to increase the work 
volume while the stiffness of the system remains suitable for a range of industrial 
applications. Inverse kinematic of the system is the primary formulation used in the 
majority of this research. The inverse kinematic is calculated by combining the translation 
and rotation matrices that the robot could create while the position and orientation of the 
end effector are the input of the formula. The stiffness formulation developed in the 
research considered the materials of the components, force direction and the kinematics of 
the system. Finite element analysis is used to compare displacement and stiffness of the 
system with the theoretical approach. Novel dynamic formulations have been developed by 
using Newton Euler and inverse kinematics in order to identify the best configurations 
based on stiffness and velocity of system in any particular position. Three degrees of 
freedom of the tripod allows the system to reach the same position with a different 
configuration. The developed program determines the velocity and stiffness of the system 
for each configuration. The accuracy of the system is analyzed by a CAD model that 
receives the actuator size and calculates in the kinematic program through the use of an 
interface program. A physical robot prototype based on the proposed design was built and 
used to test the developed theoretical model. The control strategies of the robot were 
developed and tested based on both point to point control and continuous path applications. 
The path between two points was selected based on the stiffness of the system in a 
particular position and orientation. A robotic ankle rehabilitation application was 
successfully used to verify the design of the proposed hybrid parallel robot.   
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Chapter 1 
Introduction 
 
 
1.1 Parallel Robots Design and Applications  
 
The robots have significant effects on intelligent automation manufacturing. The robots using 
for industries mostly are fixed with manipulator and end-effector (Serial Robots).  The robots 
were the reason of accuracy and productivity of industries such as car production, packing, 
building electronics board.  
 
Improving in manufacturing technology required more accuracy and force mobility for 
applications and parallel robot was one of the solutions. Parallel robots are close kinematic 
chain mechanisms. Limbs connect the two platforms that each limb contains at least one joint. 
Number and type of joints in a structure are depending on the required number of degrees of 
freedom. Usually, in parallel robots, spherical, universal and prismatic joints are used [1]. 
 
High accuracy and stiffness are two important factors for a number of industrial robotic 
applications such as operations involving automated aerospace assembly. Parallel Kinematic 
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Mechanisms (PKM) have been considered for these applications due to their high load 
mobility and accuracy. However, this kind of robots has not been widely used in industry due 
to the lack of the workspace, as compared to serial robots. The hybrid parallel robots (Truss 
robots) contain two are more parallel robots that are serially connected to each other. Truss 
robots have larger workspace rather than the conventional structures of parallel robots such as 
the hexapod or the tripod.   
 
In this project a new configuration of hybrid parallel robot is investigated. Hybrid parallel 
kinematic mechanisms (HPKM) (Truss configuration) support more work volume while the 
stiffness is decreased. The proposed model is investigated in terms of force mobility and 
control methodology. The system includes a six degrees of freedom robot as the base, and a 
three degrees of freedom at the top. The added tripod increases the capability of the system in 
translation and rotational motion.  The design of the hybrid system has to be considered in 
conjunction with a minimum loss in overall stiffness of the system.  
 
1.2 Aim and Objectives  
 
The aim of this project is to develop a 9 DOF reconfigurable hybrid parallel robot for 
industrial applications that require larger work volumes than conventional parallel robots, 
while providing higher stiffness compared with serial robots. The focus of the research is the 
development of the robot system's kinematics, stiffness and dynamic analysis.  
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The objectives of the project are as follow: 
 Development and verification of inverse kinematic of hybrid parallel robot  
The first step is to investigate kinematic relations of different configurations of parallel robot, 
such as the Stewart platform and 3-DOF in order to develop the inverse kinematics of the 
hybrid parallel robot.  Developing inverse kinematics of the system is a required step to 
calculate workspace, stiffness and dynamics of the model.  
 
 Development of dynamics analysis of the system  
The developed methodology of dynamics of the system is used to determine the required 
actuators’ force and velocity of the end-effector for different motions. The dynamics of the 
system will be required for the robot’s control strategy development.  
  
 Design of CAD model and analysis of robot stiffness 
 
The overall structure of the model including all components assembly is designed for static 
and dynamic simulations of the system. The results will be used to validate system’s dynamic 
and stiffness. 
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 Build physical prototype and perform static and dynamic experimentation  
 
The design of the hybrid parallel robot is prototyped, in order to test the robot and validate the 
proposed dynamics and stiffness formulation. The provided force sensors determine the 
applied force on the actuators in a static state and through the motions. The experimentation 
rig is used to test the control strategy developed for the system.  
 
 Development of control strategy and algorithm  
 
The results of inverse kinematics and dynamics of the theory are used to control the motion 
actuators and end-effector. The developed methodologies help increase the performance of the 
system for different applications. 
  
 Systems verification through an industrial application  
 
The robotic ankle rehabilitation application is used to test the developed control model of the 
hybrid parallel robot. Path planning of ankle motions are applied to the system to validate 
accuracy of the required force for this application.    
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1.3 Thesis Layout  
 
Chapter 1 gives and introduction to the thesis and presents the research aim and objectives. 
Chapter 2 provides a literature review on stiffness, kinematics, dynamics and control models 
for parallel robots. 
Inverse kinematics of a hybrid parallel robot is developed in chapter 3. The joints’ positions 
and actuators’ position vectors are identified by using the developed transformation matrix for 
end-effector. The obtained positions of end-effector by using theoretical method are compared 
with results of a Python simulation. 
Chapter four explains the inverse dynamics methodology of hybrid parallel robot by using 
Euler-Newton approach in order to calculate the velocity and applied force on the actuators as 
well as velocity and acceleration of end-effector. The motions of the hybrid parallel robot are 
simulated with SOLIDSIMULATION software in order to investigate applied force on the 
actuators for two considered motions.  
 
Chapter five introduces the 3D CAD model of hybrid parallel robot in order to apply finite 
element analysis on the system. This is then used to verify the theoretical development. The 
3D model of the platforms will later assist to build a physical prototype of the model. 
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Chapter six explains the processes of prototyping of physical model. Here the components of 
the robot are introduced. Force sensors obtain the applied forces on the actuators in static and 
dynamic situations. The results are then compared against the simulation and theoretical 
values.  
 
Chapter seven discusses the free singularity path planning methodology of the hybrid parallel 
robot by using point to point control strategy. In this method, limitations of joints and 
singularities of the system are identified in order to enhance the efficiency of the motions 
Bezier curves applied to control strategy.  
 
Chapter eight introduces the path planning for a robotic ankle rehabilitation application. The 
foot motions are obtained by using experimental method.  
 
Chapter nine provides a conclusion of this project. A summary of design methodologies and 
main results, including the research contributions of the project are presented.  
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Chapter 2  
Literature Review    
 
 
2.1 Introduction   
 
This chapter addresses the review of the published work on parallel robot mechanisms. The 
review begins with the kinematics and stiffness analysis of the different configuration of 
parallel robots existing in the market. The dynamics and control methods of the models are 
investigated and compared in order to identify the suitable method to control hybrid parallel 
robot.  
2.2 Kinematic and Stiffness Review 
 
Stiffness and accuracy are the most important characteristics making parallel mechanisms 
suitable for applications such as machine tools. However, serial robots are preferable for use 
in industry for pick and place, due to the small workspace and singularities of parallel robots 
[1]. The focus of the investigation is to develop the parallel mechanism for jigging airplane 
wings for aerospace industry. The system contains a three degrees of freedom robot attached 
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to the top of a hexapod’s moving platform. Delta and hexapod are the most well-known 
structures of parallel robots, which have been investigated for decades, analyzing stiffness and 
workspace. Stiffness of a tripod and hexapod were previously investigated by calculating the 
deformation caused by external force on the end effector. Therefore, the developed model 
depends on the material properties and length of the actuators [2]. Stiffness of a parallel robot 
can be developed by considering different parameters such as joints and platforms’ positions, 
structural architecture and its end effector’s position and orientation [3]. Different researchers 
have developed the stiffness of parallel robots based on a developed Jacobean matrix for 
different configurations [4-7].  
 
Inverse Kinematic is the method that was used in different studies to find the workspace of the 
parallel mechanism [8-11]. Shi Yan and Lu Yi found a method to demonstrate the workspace 
in CAD software for a particular model [12]. Zhongfei obtained a new general and parametric 
formulation of a parallel manipulator’s workspace for different geometries [13]. Daniel 
Lazard obtained a different arrangement of the hexapod’s configurations [14]. Combinational 
parallel mechanism was designed and kinematic and dynamic formulations were calculated 
based on kinematic change in models [15-17]. Saglia added the redundant actuator to the 
hexapod for a stiffer structure [18]. Due to the limited workspace of the parallel robots, new 
configurations were investigated for surgery application [19]. However, the stiffness of 
parallel robots for industry application was studied using 5-axis machines and a 6-DOF 
manipulator [20, 21]. The hybrid and planner 3DOF parallel manipulators are a new 
configuration of parallel robots which were investigated in terms of stiffness [22, 23]. Hybrid 
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parallel robot structures improved the limited workspace of a 6-DOF. This made the hybrid 
parallel robot more efficient to use for industry for structural component assembly 
applications [24-25].  
 
The stiffness of the different structures of hybrid parallel robots was investigated for elastic 
deformation [26]. The formulation of stiffness for HPKM in a multi-dimensional vibration 
isolator was developed [27]. The parallel robots could be defined as closed loop mechanisms 
with higher accuracy and stiffness rather than their serial counterparts. A dangerous problem 
with parallel robots is the singularity points in the workspace due to the limitation of the 
joints’ motion and orientation of the moving platform. Typically square, spherical or 
hemispherical grid systems are used to determine the workspace for parallel robots [28, 29]. 
Various workspaces such as constant orientation or translation workspace, which are 
application-specific search methodologies and require low-to-medium computational time, are 
presented [30]. The other workspace types, including maximal, inclusive, total orientation, 
dextrous and reduced total orientation, require an orientation check for a specific task or 
region, or other advanced searches. The computational process of finding the workspace is 
complex and more factors needed to be checked such as Grassman vector, stiffness, and cost 
factor [31]. The conventional geometrical grid search is not useful for coplex workspace 
calculation [32]. There are different methods to search the workspace of system suck as 
constant position and various orientations which is required for some industries [33].  
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In order to reduce the time of search process, the geometrical shape (Hemisphere, cube) of 
data designed to be input of search methodology. This method positioned the end-effector in 
the edge of shape to make the actuators to reach to their maximum stroke. The angles of the 
joints, actuator size needed to be check to verify the data in workspace [34]. The described 
methodology to find work volume is called ‘parametric sweep’ [35].  
 
Another method which is called Boolean Logic was investigated. This method uses the 
maximum and minimum size of actuators and joins’ angle limitation as input of algorithm. 
The position vectors of actuators are used in order to find singularities in the workspace. The 
concept of this method using combination of AND, NAND and NOR logics to check the 
conditions. The described conditions are useful to create the factors of search.  However this 
method just could be used for limited applications [36].  
 
Boolean search method is optimized in order to reduce the redundant process of search. 
Although the time of process is reduced, the method was not accurate to identify the all 
singular points through the workspace. The method uses the mesh surfaces to create the 
workspace then checks for the redundancy. The algorithm is used to increase resolution and 
accuracy of search and reducing the process time. [37, 38].  Slicing method assists the 
investigation of any slices in workspace of system. This method could improve the efficiency 
of searching and investigation. [39].  
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2.3 Dynamics Review  
 
The parallel robots are closed loop mechanical chains having properties such as high mobility 
and accuracy compare to serial robots [40]. Complex kinematic and non-linear dynamic 
equations for different configurations of parallel robot have been investigated for an accurate 
controlling system. Stewart platform and delta are the most famous structures which have 
been investigated to develop the dynamic equations. The developed configuration of a parallel 
robot for aerospace application contains delta connecting serially to the hexapod. The 
developed methodology for the dynamic of the proposed system is expanding the hexapod 
structure to calculate the end-effector motions having three degrees of freedom [41]. The 
inverse dynamic of a hexapod and other configurations have been investigated for years [42-
44]. The first step of developing the dynamic equation is mapping the inverse kinematic of the 
system for 3-DOF PKM [45]. The inverse dynamic of a tripod parallel robot was developed 
by using inverse kinematic [46]. The developed formulation calculated the dived force need 
for the actuators. Based on the type of actuators, such as pneumatic and hydraulic, the 
dynamic of the actuators was investigated in different research [47,48].  
 
Besides the inverse kinematic, different methods were considered for the dynamic of a 6-DOF 
parallel robot; such as the forward dynamic calculated by Lagrange principles and the 
Newton-Euler method [49-50]. 
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Dynamic equations are key factors for developing the PID controller [51]. In order to enhance 
the speed of transferring data, the Jacobian matrix was developed for dynamic formulations of 
3-DOF and 6-DOF configurations [52-54]. Calculating the linear equation for the real time 
controlling application system (RTOS) called Xoberon, is another developed method for 6-
DOF parallel robots [55]. The acceleration formulation of a rigid body was applied on a 
robotic dynamic model [56]. The position analysis of joints and the end-effector, based on the 
kinematic of a robot, was developed to enhance performance of two 3-DOF hybrid parallel 
robots [57]. However, the dynamic model of 6-DOF parallel robot and hybrid parallel robot 
were investigated for industrial application [58, 59].  
 
Serial-parallel robot is a new configuration investigated in order to increase the performance 
of PKM robots [60]. However, there is some research concerning the inverse kinematic and 
dynamic of a 2(RPS) hybrid parallel robot configuration [61].  
 
2.4 Path Planning Review  
 
To plan paths for parallel manipulators, the singularity configurations of the manipulator 
should be avoided. Kinematic singularities are particular poses of the end-effector where 
parallel robots lose their inherent infinite rigidity. J.-P. Merlet categorized singularities into 
two types of serial and parallel singularities [62]. It is widely believed that serial singularities 
are obtained on the boundary of the workspace, while parallel singularity presents when the 
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actuator forces on the legs cannot support the path planning approach of the hybrid parallel 
robot developed based on its inverse kinematic analysis. Inverse kinematic analysis gives the 
relation between position of joint and end-effector poses based on the physical structure of a 
robot. For each given pose of the end-effector, the inverse kinematic analysis calculates out 
the length of the actuators on each leg of the robotic mechanism.  
 
Dasgupta and Mruthyunjaya [63] presented a criterion of singularity configurations for the 
Stewart platform manipulators. They also developed a singularity-free path planning method 
based on linear interpolation and conquer algorithm. A singularity-free path planning 
approach considering the kinetic and potential energy of parallel mechanisms for various 
types of parallel robots has been introduced by Shamik et al. [64] using Euler-Lagrange 
equations to solve the singularity-free path. Anjan Kumar Dash, I-Ming Chen et al. [65] 
described a singularity-free path-planning algorithm by grouping singularity points into 
various clusters. Currently, a number of researchers are investigating the issue of the 
singularity-free path planning problems for parallel robots, especially for the Stewart platform 
parallel manipulators [66].  
 
The parallel robots offer high accuracy and stiffness as compared to serial robots, despite their 
complex kinematics and small workspace. However, high stiffness of parallel kinematic 
mechanisms is a crucial characteristic for applications needing strong mobility and high-speed 
motions. For such motions’ controlling model, force and speed of each actuator has to be 
managed in order to get the desired profile motions of the end effector. In order to calculate 
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the actuator’s stroke for a particular motion, the kinematic relations of the system need to be 
developed. Forward and inverse kinematics of different structures of PKMs have been studied 
[67-71]. The kinematics of parallel robots are the most important development for improving 
the workspace and dynamics. The required force and speed of each actuator for particular 
motions has been developed based on the dynamic model [72]. Parallel robots are used for 
applications needing high accuracy, such as surgery [73-75]. However using a neural network 
tool is another methodology in order to estimate gravity and friction force. In the following 
method, the inverse kinematic was not used while the velocity of the end effector is an 
important factor for path planning [76].  
 
The control strategy of a hexapod structure has been investigated with different methods, such 
as fuzzy and vision-based [77, 78]. Even though there are advantages with parallel robots in 
terms of stiffness and accuracy, as compared to serial robots, control modelling of parallel 
robots is complex in practice. Therefore, high accurate controlling of actuators is a good 
strategy to identify the position of the end effector [79]. Position control strategy and the 
Generalized Elastic Path Control strategy are two methods applied on parallel robots based on 
force controlling [80]. In order to obtain the required force for a specific motion, a dynamics 
model of the system has to be developed. Different structures of parallel robots have been 
investigated to calculate the force and control model [81-83]. The hydraulic, electromotor 
actuators have been used in 6-DOF parallel robots in different research while the strategy of 
controlling is similar [84-87]. The inverse dynamic and controlling strategy of different 
modeled 3-DOF PKMs was developed [88, 89]. Different methodologies are applied to the 
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robot in order to enhance the efficiency of the system. Artificial intelligence methods such as 
fuzzy logic and neural networks are non-classic strategies for controlling the robots [90, 91]. 
Predicting the control function for a robot manipulator was one of the recent investigations to 
track the position of the end-effector [92, 93].      
 
The singularity in workspace is the most important weakness of parallel mechanism 
kinematics. The proposed model is a 9-DOF hybrid parallel robot, being investigated to cover 
the singular points for particular path motions. This model contains 6-DOF and 3-DOF PKMs 
that are serially connecting to each other. In this investigation, the considered path for a robot 
manipulator is studied while initial and end positions are known. The path is calculated based 
on developed stiffness and the dynamic formulation developing for the end-effector.  
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Chapter 3  
Inverse Kinematic and Workspace Analysis  
 
3.1 Introduction   
 
The paper addresses developing workspace and stiffness of parallel mechanism which 
includes nine linear actuators connecting three platforms. A new design of parallel robot is 
developed for pick and place application in the aerospace industry. Two important factors of 
parallel robots are stiffness and workspace. The proposed method calculates the position 
vector of each actuator in each pose by using the developed inverse kinematic of the system to 
obtain the amount and direction of force. The obtained results of stiffness and workspace are 
compared with hexapod and tripod models. The validity of performance and results are 
verified with FEA simulation as well as experimental data obtained by sensors.  
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3.2 Kinematic Mapping Motion  
 
Generally, the position of point can be identified by a transformation matrix containing six 
independent quantities (linear and rotational motions in XYZ). In order to calculate the 
position of the end effecter in a particular motion the developed transformation matrix is used, 
as shown in Equation 3.1.a [94].  
     
                    
                          
           
 
           
 
    
   
    
    
                              (3.1.a) 
                                                               (3.1.b) 
                                                               (3.1.c) 
                                                                      (3.1.d) 
Where, , ,  are defined rotational components and l, m and n are linear motions in X, Y, Z 
direction respectively.  
The system contains two moveable platforms as shown in Figure 3.1. The motion profiles that 
contains positions and orientations of the end-effector, is defined for the system. 
 
 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 18  
 
 
 
Figure 3-1: CAD Model and Kinematic Mapping 
 
All positions of the platforms and joints are mapped based on the coordinate on the stationary 
platform    , therefore the formulation of the centre point and joint position of platform A is 
obtainable by the motion of the hexapod while the three actuators of the tripod are not moving 
as follows:   
       
        
     
      
       .                          (3.2) 
Where,      is the initial centre position of the centre and all the joints on platform A,   
    is 
the inverse translation matrix returning centre point of platform A to the origin.     
   is the 
rotational matrix with Euler angles,   
  is the translation matrix returning back point A to 
Z
aiL
X
Y
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Platform A
Ai
Bi
Ei
Z
y
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initial,     
  is the translation motion required to reach to the desired position from the initial 
position and       is the centre point and the joints’ positions after motion. 
 
Therefore, position of the end effector and joints on platform E by motions of all actuators is 
calculated in Equation 3.3.a and 3.3.b. 
       
        
     
      
                                         (3.3.a) 
          
        
       
       
       
      
                      (3.3.b) 
Where,      is the initial positions of the centre point and position of the joints on platform E, 
      is the position matrix of the end effector centre point and position of the joint after the 
motion of six actuators,     
    is the translation matrix returning the centre point of platform 
E to origin,     
     is the rotational matrix returning platform E to normal orientation. Also 
  
   is the rotational matrix created by three actuators,     
  is the translation matrix returning 
platform E to its initial position.     
  is the translation matrix transforming platform E to the 
desired position and     is the final position of the end effector.  
 
In Equation 3.3.a, the position of the platform E by the motion of six actuators of the hexapod 
and the motions of three of the other actuators is applied to determine the final positions of the 
end effector. 
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3.3 Workspace Analysis   
 
Inverse kinematics identifies the positions of the platforms and the joints’ position through 
any motion. However, applying the structural limitations of design identifies points existing in 
the workspace. The applied limitations are the length of strokes and the joints’ range of 
motion. The position of the joints on the hexapod for a particular motion is obtained by 
Equation 3.2. Therefore, the stroke of each actuator is obtained by calculating the length of 
each actuator’s position vector.   
                        For i= 1,...6                               (3.4.a) 
Where,     is the position vector system actuators connecting to platform A and B 
(i=1...6),    is the positions of the joints connecting on platform B.  
However the positions of the joints attaching on platform E are calculated by Equation 3.3.b 
in order to find position vectors of three actuators as shown in Equation 3.4.b.  
                     For j= 1, 2, 3 and i= 7, 8, 9                   (3.4.b) 
Where,      is the position vector of system connecting platform A and E (i=7...9),     is the 
position of joints connecting to platform E,     the position of joints connecting to the top of 
platform A (i=7..9). 
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The system contains eighteen joints that should be checked for workspace analysis. The 
angles between the actuators and joints demonstrate the motion of the joints. The angles of 
joints on platform B are calculated as follows: 
       
   
      
     
          For i=1,...,6                                    (3.5.a) 
       
   
      
     
          For i=1,...,6.                                   (3.5.b) 
Where,    and    are axes of the joints on platform B,     is the actuator position vector,     
is the angle of the joint with its x-axis and     is the angle of the joint with its Y-axis.  
 
The joint’s axes on the platform A is moving with the motion provided for the system 
(Equation 3.2). The angles of the joint are calculated by Equation 3.6.a and 3.6.b:  
       
   
      
     
            For i=1,...,9                              (3.6.a)    
        
   
      
     
            For i=1,...,9.                            (3.6.b)    
Where,     and     are the joint’s angles with their own X-axis and Y-axis respectively and 
   and     are axes of the joints after the motion.    and    are changed respect to    and    
based on rotational motions that applied for the system. Therefore, the axis of revolute joints 
on platform E is obtained by replacing    in Equation 3.b. However the angles of revolute 
joints are obtained in Equation 3.7.   
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          For i = 1, 2, 3                        (3.7) 
Where,     (i=1, 2, 3) are the angles of the joints connecting to platform E after the particular 
motion and     is the axis of the revolute joints in a particular pose and orientation.  
 
The structural limitations are applied to the inputs of the desired motions. The workspace of 
the system is programmed with Cartesian and polar algorithms in MATLAB software 
packages. The initial positions are obtained by data from the CAD model. The developed 
program calculates the workspace of the hexapod and tripod as well as that of the hybrid 
system. The maximum strokes of all actuators are the same in the structure (100 mm). The 
boundary shapes of the tripod, hexapod and hybrid parallel robot are demonstrated in Figures 
3.2, 3.3 and 3.4 respectively. 
 
Figure 3-2: Workspace Results of Tripod 
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Figure 3-3: Workspace Results of Hexapod 
 
 
 
Figure 3-4: Workspace Results of Hybrid Parallel Robot 
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The obtained results are based on checking the points assumed to be in the workspace; the 
shape of the workspace is more accurate by increasing the resolution of the number. 
 
3.4 Verification of Kinematic  
 
The robot model was developed using codes based on 3D Visual Python (VPython), Line 
Collision, Mesh Model, distance and interpolation. The VPython provides 3D visual and 
graphing as Pencil-Line visualizations. 
 
The workspace of the hybrid parallel robot is first obtained by a numerical method using the 
inverse kinematic mapping of the system. Then a 3D CAD model was developed in Python. 
The system is able to perform parametric sweep searches to find non-singular positions. 
Boolean logic is used to control the search flow and boundaries. Several cases have been 
simulated such as obstacle-avoidance and mesh-surface workspace. Interval analysis and data 
slicing were then used to optimize the search method. This method reduces the computational 
time by reducing search boundaries and focusing on the area of the designed path. The case 
studies demonstrate non-singularity points for any particular workspace. The obtained data for 
position and orientation of the moving plates from the simulation is then sent to a pre-verified 
CAD model for verification. 
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3.4.1 Parametric Sweep Modeling 
 
Parametric sweep modelling or discretization is a search for workspace following a grid 
structure shaped as primitive geometric objects, such as square or hemisphere. The object 
dimensions and grid size are configurable. However, a control structure is required to 
optimize the search. These controls include the selection of grid type, grid size, region, filter, 
analysis and strategy. The search is bound for redundant data and involves repeated visits for 
a node. The obtained data from the numerical method is used to check for the limitation of 
stroke and angles of the actuators and joints in the robot. However, in this section the 
limitation in the workspace are obstacles and the surface mesh. Here, the condition for the 
obstacle can be described in Equation 3.8. 
                                                                                                          (3.8) 
Where,   is the workspace of the hybrid system without obstacle,    is the workspace of the 
hybrid, and    is obstacle space and mesh. 
Furthermore, data slice is a method that reduces the searching time for specific motions, to 
find any particular plane that fits a particular path, as well as modifying the path if 
singularities are found.  
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3.4.2 Boolean Logic Search Control 
 
The Boolean method is based on the logic controls of the search and validation strategy to 
determine singular and non-singular position and orientation workspace. Boolean logic is the 
control structure that defines the search parameters; search criteria and analysis (refer to 
Equation 3.10). Search parameters include upper and lower bound and parametric sweep 
shape. Search criteria include search technique and filter.  
 
Table 1 gives test parameters for ‘case 1’. Here, the end-effectors are directed to follow a 
path, while the system performs workspace analysis for platform A to determine its best path. 
The process completion time is resolution-dependent, where interval and slicing allows 
detailed analysis of the region of interest. The numerical method has been used for calibration 
of the kinematic points. 
 
Table 1: Parametric sweep performance for Case 1 
Type Travel Limit (x, y axis) Resolution Time 
(seconds) 
Python Test 1 40 cm 1 unit 34000 
Python Test 2 40 cm 5 unit 1100 
Python Test 3 40 cm + z – axis(2 slices) 5 unit 2000 
Python Test 3 40 cm (x, y & z – axis) 5 unit 17000 
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Analysis is done on the dataset based on a general structure, constrained structure (by obstacle 
type and shape), interval analysis and data slicing analysis. The case studies presented here 
are based on literature search results for various typical and specific workspaces. Reference is 
made to Figure 3.1 in the following descriptions: Case 1 is a special-case for a hybrid robot 
system, where the search is for platform E’s workspace when platform A is following a pre-
defined 3D path. Case 1 optimizes platform E’s travel while ensuring minimum trajectory 
changes during travel. Case 2 is a search for obstacle-free workspace when a set of primitive 
objects are placed within a known workspace. This obstacle is user-defined, where the 
dimension, position and accuracy can be configurable and can be used for obstacle-free path 
planning. Case 3 is an end effector’s search for position on a 3D mesh surface. Interval 
analysis can add a higher resolution search on a specific path on the 3D mesh surface. Case 4 
are optimized search strategies, where Boolean analysis is performed on selected information 
only, which is either a slice or a set.  
3.4.2.1 Case 1: Boolean Search for Platform A’s Path When Platform E’s Path is 
Known 
 
This experiment attempts to find the middle plate’s workspace and path when the top 
travelling plate is positioned to travel along a given path, where the z-axis has a fixed value.  
The path parameters show a gradient change in all axes and are as displayed in Figure 2 as 2D 
array for Platform E. Figure 3.5 shows the collections of non-singular points, which is 
dictated by different colors to differentiate each region that represent each path segment. 
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Figure 3-5: 1D Array Network 
The collection of possible paths is interpolated to optimize the results. The simulation uses the 
shortest distance to platform A’s centre-point, whose coordinates must be identical to those of 
the next node in the queue to form platform A’s path. The 1D-array interpolation cannot solve 
the problem without additional values, whereas a 2D-array would help find the optimized 
path. The additional attribute to make the 2D-array is obtained from the stiffness factor, 
Grassmannian vector factor, and minimum distance to the centre-point of each corresponding 
node. The system uses n-D interpolation based on various strategies. An example presented 
involves weighted value processing based on Equations 3.11 and 3.12 for a random generated 
position. An example of n-D grid is presented as a trilinear interpolation method based on 
Equation 3.9. 
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                                                  (3.9.a) 
                                                         (3.9.b) 
                                                         (3.9.c) 
                                                         (3.9.d) 
                                                                (3.9.e) 
                                                                (3.9.f) 
                                                                (3.9.g) 
                                                                       (3.9.h) 
Where pos [0-7] = trilinear interpolation matrices that produce weighted value and g is the 
resolution. 
 
The weighted value is a collection of processes starting with the establishment of a grid, 
populating the grid with a strategy, then checking for singularities. The result is then 
processed for Grassman and other ranking criteria; for example, the nearest distance to the 
centre-point or a pre-defined path. This ranking criteria, grid and grid population method is 
extendible. The concept is presented here in Equations 3.10, 3.11 and 3.12: 
                                                         (3.10.a) 
                                                         (3.10.b) 
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Where angle 1, 2 = vector angle for leg between 2 poses, 
                                           (3.10.c) 
                                           (3.10.d) 
                                          (3.10.e) 
                                                    (3.10.f) 
Where |a, b, c| = legs stroke or vector magnitude, 
|d| = distance to the plate’s centre, and xi1, yj1 and zk1 represent the start pose, while xi2, yj2 
and zk2 represent the end pose. 
                                                        (3.10.g) 
                                                       (3.10.h) 
Where AngT represents the tripod angle and AngH represents the hexapod angle, 
                                                      (3.10.i) 
Where pos = end-effector’s position x, y and z, limit is the search limit, and error is the stroke, 
angle and collision error. 
                 
        
                                      (3.11.a) 
               
        
                                        (3.11.b) 
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                              (3.11.c) 
                          
        
                           (3.11.d) 
                          
 
                               (3.11.e) 
Where   a = weighted value for tripod angle if f ( a )>0,  
 b = weighted value for the hexapod angle if f ( b)>0, 
 c = weighted value for the tripod stroke if f ( c)>0, 
 d = weighted value for the hexapod stroke if f ( d)>0, 
 e = weighted value for distance to the plate’s centre and at least one data for each group, and 
Gn represents the slice workspace for each fixed value along the end-effector’s path, and e and 
d are the threshold values. 
               
                                                (3.12) 
Where angG [o1, o2] = angle differences between various pair-wise comparison of o1 and o2, 
where they represent Grassmann pencil lines such as planar sides, planar planes and line 
vector sets.  
 
Weighted f, f for n = angG [o1, o2] if they are coplanar or meet at infinity, given by the 
Grassmann rules.  
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The large sets of comparison-wise checks for a non-coplanar condition have to consider the 
non-redundant loop and Boolean validation method for all pairs n. Boolean validation where 
0   1 ≠0 and n  (comparable pair-wise set c), and c must produce Grassman errors. 
Grassman error rules include (a) lines for any o1 and o2 that meet at infinity, (b) lines for any 
o1 and o2 that have different angles equal to 0 or 180 degrees, and (c) a virtual axis is formed 
where any opposing force may produce instantaneous rotation resulting in unwanted degrees-
of-freedom.  
 
If total weighted, T, for all pairs is found, then weighted sum is calculated to find non-
singularities or singularity positions inside or outside the workspace during an application. 
An interpolation test for the Python path is carried out by using the scatter distribution of test 
positions. This can be done, for example, through using 3 sets of 1D-interpolation or trilinear 
interpolation in order to populate the plot using a random generator (refer to Equation 3.9). 
Table 2 demonstrates NumPy random generator multivariate normal is tested here for various 
3-D arrangements to demonstrate the system potential, and to establish a random-generated 
3D grid for cases 2, 3 and 4 
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Table 2:  Random generator for 3D interpolation 
Random Generator Types Time (seconds) Grassmann Weighted Value  f 
3-axis x 1-plane arrangement 
(case 2) 
880 17280 
3-axis x 4-plane arrangement  
(case 2) 
4400 83008 
Trilinear arrangement (case 2) 700 12684 
 
3.4.2.2 Case 2: Boolean Method for Search Whilst Avoiding Obstacle 
 
This case study demonstrates a method of using the Boolean operation to find non-singular 
positions outside the obstacles placed within the non-singular workspace of the robot system. 
Two spherical obstacles were placed at two different coordinates. The formulation for the 
collection of detectors shaped to form the spherical-shaped obstacles is based on standard 
sphere formula. 
 
Figure 3-6 is an example case for obstacle avoidance or collision detection, where the 
avoidance of two obstacles placed within the work volume region is demonstrated. The 
obstacle (developed using Equation 3.8) can be described as a pick and place object, obstacle 
or working plane. Haptic interaction shall include force feedback interaction with the obstacle 
while the user navigates or collides with the obstacle.  
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Figure 3-6: Work Volume Outside the Two Obstacles Volumetric Region 
 
3.4.2.3 Case 3: Boolean Method for Search on a Surface Mesh 
 
This is a study of platform E’s path for a non-singular condition following a surface mesh 
placed within the robot workspace. The search objective is to find points on the mesh that 
have non-singular positions. The search for non-singular points on the mesh surface is 
generalized by Equation 3.8. Figure 3.7 shows the plot for non-singular points on the mesh. 
There is no limit to the number of meshes, locations and the shape variations placed in the 
workspace. A 1D array of the results of regression analysis produces lists of paths. The 
simulation then continues to perform a parametric sweep to find the best possible path on the 
mesh surface based on the slicing of sets of planes.  
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Figure 3-7: Boolean Method Search Avoiding Obstacles 
 
3.4.2.4 Case 4: Boolean Method for Data Slicing Analysis 
 
Slicing analysis operation is a data interpolation between points as shown in Figure 3.8. Here, 
a ‘constant orientation slice’ checks a path that goes past each slice of information. The 
interpolation between points along the path and the slices give extra information regarding the 
path trajectory. There is a collection of possible points that connect the two data slices at the 
given ‘constant orientation workspace’, as shown in Figure 3.9. This is a 2D curve spline 
interpolation working on 1D-array data. 
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Figure 3-8: Interpolation between Slices 
 
Figure 3-9: 1D Path between the 3 Data Slices 
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3.5 Results  
 
The numerical method (Inverse Kinematic) is used to validate the accuracy of the proposed 
methodology through a demonstration of the robot end-effector’s motion. Here, the position 
provided for the end-effector by the Python simulation is                  . The 
stroke of the actuators is calculated in MATLAB based on the developed kinematic map of 
the mechanism. The obtained results of the end-effector’s position by simulation and 
numerical methods are compared and shown in Figure 3.10. The figure shows a close match 
in X, Y, and Z directions between the results obtained by the proposed methodology and those 
obtained using the theoretically-based numerical method.  
 
Figure 3-10: End Effector Tracking Position 
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This proposed methodology has the capability of performing various workspace searches, 
such as constant orientation and position workspace. The parametric workspace search 
performs well with obstacles like 3D objects and mesh surface where the search is for 
obstacle-free workspace and 3D surface interpolation. 
 
The case studies show that the Python 3D simulation can search for non-singular or singular 
positions according to rules such as fixed position, fixed orientation, path planning, and 
obstacles within the workspace. The proposed methodology exhibits very good potential for 
rapid scenario tests and validations previously difficult to perform using existing parallel 
robot design methods.  
 
3.6 Conclusion 
 
This paper presents a new configuration of parallel robot with increased workspace for 
automated applications in the gripping of large aerospace components, such as those 
employed in an aircraft wing box. The developed stiffness formulation of the hybrid parallel 
robot is based on the calculation of vector direction of each actuator. Different configurations 
of the hybrid system were simulated using finite element analysis. The workspace formulation 
of the model is developed by defining the path motion profile of the tripod, which assists to 
determine the size of the actuators and the joints’ angles. The obtained data are compared 
against the maximum actual size of the actuator and the maximum rotation angle of the joints, 
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respectively. The results show that the workspace of the new hybrid parallel robot has 
significantly increased compared with that of a hexapod.  
 
A simulation system has been developed in order to provide and control singular and non-
singular workspace searches using simple Boolean logic. Four case studies were considered to 
test the simulation system. The case studies were compared with conventional mathematical 
approaches including linear interpolation and linear regression. The results show that the 
simulation system has the capability of developing more accurate path planning for a hybrid 
parallel robot system. A theoretical inverse kinematic analysis model was developed and used 
in order to compare and validate the proposed simulation methodology through importing 
obtained data from the simulation into SOLIDWORKS and MATLAB software tools. The 
results show that the proposed simulation system offers a fast solution in designing new 
parallel robot configurations and geometries through local and global optimization of the 
search area.   
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Chapter 4                         
Dynamics Analysis  
 
 
4.1 Introduction  
 
This chapter proposes a methodology for developing dynamic formulations of a hybrid 
parallel robot containing nine actuators and two moving platforms. The dynamic formulation 
is developed by using Newton Euler and inverse kinematics in order to identify the best 
configurations based on stiffness and velocity of the system in that position. The control 
model of the proposed configuration is developed. The experimental results of actuator force 
are compared with theoretical and simulation.  
 
4.2 Methodology  
 
The dynamics of the mechanism composed of hexapod and tripod parallel manipulators 
assembled serially were investigated. As shown in Figure 11, this system consists of a lower 
platform (LPM), its mechanism type is 6-UPU, and an upper platform (UPM) with 3-RPU 
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structure. This arrangement is selected to increase the stiffness of the system and reduce the 
effect of the bending moment on the LPM during the positioning of the objects.  
The lengths of actuators of the modeled configuration are calculated by inverse kinematics 
using a transformation matrix based on coordinate O (XYZ) defined on platform B (Figure 
4.1) [94].  
                                                                          (4.1) 
 
Therefore, the unite vector of each actuator is calculated in order to categorize the direction of 
the force applying to the systems. The formulation of linear force and moment is developed to 
find out the linear and angular velocities for platform A. The motion of Platform E is 
considered based on the coordinate system on platform A. 
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Figure 4-1: Hybrid Parallel Robot System 
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The crucial point in the following methodology is considering the different possibilities of 
motions for the LPM and RPM to reach, to move the end-effector to the desired position. 
Therefore, the position and orientation of the LPM and UPM are identified in Equations 4.2.a 
and 4.2.b.    
                                                    (4.2.a) 
                                                                   (4.2.b) 
Where, u is the coefficient for optimum motion,    ,    are the positions and orientation of 
platform A, E respectively and   ,    are desired and initial position  and orientation of end-
effector respectively.  
 
Changing the coefficient u allows the system to identify the possibilities to reach to the 
desired pose and orientation.   
 
4.3 Dynamics formulation  
 
The dynamic model of the parallel robot platform is driven by Newton’s second law and the 
Euler’s equation of motion expressed in Equations 4.3.a and 4.3.b. 
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In which,     and      are applied force and moment exerting on the end effector, respectively. 
   is the platform’s mass,    is angular moment ,     is the angular velocity of platform E 
and    is friction force. 
 
The first step is defining values and directions of force exerted by the actuators by using the 
Equation 4.4. 
      
   
       
                                             (4.4) 
Where,    is force vector applied in the system and     is scalar force vale exerted by the 
actuators. The value is based on actuator properties and length of stroke. 
 
The moment applied on the moving platform is developed by the Euler-Newton formulation 
in order to determine angular velocity of the platforms in Equation 4.6 [95].  
         
 
      
  
                                     (4.5) 
   
 
      
  
 
 
 
 
 
                                   
                            
            
 
 
 
                 (4.6) 
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Where,     is moment of inertia created by the actuators on platform E and    ,    ,     are 
the angular velocity according to XYZ coordinates.  
The relative velocity of platform E is obtained by using a work and energy equation 
developed for the system. 
         
 
    
 
        
        
                        (4.7) 
Where,       is the force vector of the actuators connecting to platform E,   is mass of platform 
E, I is moment of inertia matrix and   is angular velocity vector of the platform. 
 
From the vector base equation the relative velocity of platform E is calculated. The position of 
platform E related to platform A is calculated as:  
            
        
     
       
      
       
        
     
            (4.8) 
Where,      is the relative position of the platforms,     
 ,     
   are translation and rotational 
motion matrix of platform A respectively,   
   and     
 are the linear and rotation matrix of 
platform E motions.    and    are the centre point of platforms A and E respectively. 
The acceleration formulation of platform E is developed in Equation 4.9, where the angular 
acceleration is neglected. 
   
 
  
                               
 
  
                    (4.9) 
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Where,      is the angular velocity of platform A,       and      are relative position and 
velocity of platform E with respect to A. 
Therefore, the amount of displacement of the joints in this instance is calculated in order to 
identify the new position vector of the actuators.  
4.4 Optimization Motion  
 
The methodology described in previous sections is developed by Equations 4.2.a and 4.2.b to 
find the optimum configuration in order to reach the desired position. In this study, time of the 
motion is priority. The developed program checked all the possibilities for considered motions 
and selected the one based on priority. The data is saved in the file to reduce the time of 
processing. The considered motion in Table 3 is examined for the results.   
 
The formulation is expanded in order to determine the applied force on six other actuators. By 
subtitling the obtained value of     in Equation 4.10, three linear equations can be developed. 
As the stiffness is calculated in a static position, other three linear equations can be obtained 
by developing a moment of inertia equation regarding to point     . 
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Where,   is the weight of all components on top of platform A, moreover      and     are 
direction and applied force of the actuators respectively.  
The axial displacement of each actuator is obtained by considering axial stiffness that 
involves with material properties (Equation 4.12).  
   
   
  
                                                         
Where,    is axial displacement of an actuator and     is amount of the force applied to an 
actuator. 
 
The potential energy of the actuators due to external force applied is equal to energy of 
external force on the platform E as is developed in Equation 4.13. Therefore, the displacement 
of the whole system is obtained in Equation 4.14.  
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Where,    is total deformation of the system due to external force on the platform E, and     
is the axial stiffness of the robot. However, the optimizing method is applied on the system for 
two identified motions which are demonstrated in Table 3.  
Table 3: Applied motions to hybrid parallel robot 
 
 
 
The results in Figures 4.2 and 4.3 demonstrate velocity and stiffness changing for possible 
configurations of case 1 and 2 respectively.  
 
Figure 4-2: Enhancing the system performance case 1 
Study factor X(mm) Y(mm) Z(mm)          
Case 1 -60 70 100 10 10 10 
Case 2 70 80 85 15 15 10 
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Figure 4-3: Enhancing the system performance case 2 
 
As the results demonstrate, the program calculates stiffness and velocity of the system for 
each possible configuration. The optimum configuration is obtained based on higher speed 
and stiffness. For the cases 1and 2 the data obtained for hexapod and tripod is shown in Table 
4. 
Table 4 : Optimum Motions 
 parameter l (mm) m(mm) n(mm)   (rad)   (rad)   (rad) 
Case1 Hexapod -20 40 50 0.058 0.058 0.058 
Tripod -40 30 50 0.058 0.058 0 
Case2 Hexapod 35 45 45 0.058 0.058 0.058 
Tripod 35 35 40 0.058 0.058 0 
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The obtained results are stored in a file in order to reduce the process time for the same 
motions. The flexibility of the program assists the consideration of other parameters such as 
accuracy to the system. The priority of the data could be changed for different applications in 
the program to find different path motions, higher priority of speed or stiffness. 
 
4.5 Control Strategy   
 
There are two methods for controlling the robots: 1.The input is the path motion of the end-
effector, 2. Second position and pose of end-effector. Jigging the application positioning is an 
important factor for controlling the system. Input data goes through the inverse kinematics’ 
formulation in order to calculate the size of each actuator. The size of the actuator is sent to a 
micro controller that sends a signal to related servomotors. The benefit of servo motors is the 
close loop system that modifies the error of motion by itself. The inverse kinematic 
formulation is programmed in MATLAB. 
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Figure 4-4: Functional schematic of Control Model 
 
The crucial factor of the control model is to enhance the positioning of the tripod Three 
degrees of freedom robots could move in space with three translations and three rotations 
motion, while three of them are not controllable. The structure of the tripod is UPR, therefore, 
one translation motion in Z direction and two rotational motions around X and Y are 
controllable. The other parameters have to be calculated based on the structural limitation of 
the model. The amount of translation in x and y are obtained by Equations 4.16.a and 4.16.b 
respectively. 
Physical model 
(servomotors) 
Desired position and 
Orientation of End 
Effector 
Providing data by 
using CAD Model 
User inserts six 
inputs in program 
Interface program 
(VBA) transferring 
data between CAD 
Model and 
MATLAB 
Numerical method 
Dynamic and motor 
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                                    (4.16.a) 
         
 
                                   (4.16.b) 
Where,    and   are translation motions of the tripod in X and Y directions respectively.    
is allocated translation motion in z direction. Moreover,     and    are rotational motions 
around X and Y axes.   
 
 is initial distance between platforms A and E. 
 
4.6 Results and Discussion  
 
The dynamics formulations of the hybrid parallel robot were applied in developed Matlab 
program in order to analysis the theoretical behavior of the system. The frictions force 
between the components is not considered for obtained results in this section. The calculated 
actuators’ forces for the considered motions in Table 4 are demonstrated in Figures 4.5 and 
4.6. The forces are changing based on actuators’ stroke as well as created moment through the 
motions. The obtained results of velocity and acceleration profiles of end-effector are 
demonstrated in Figure 4.7 and 4.8 respectively. 
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Figure 4-5: Ideal Force of Actuators through the Motion Case 1 
 
Figure 4-6: Ideal Force of Actuator through the Motion Case 2 
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Figure 4-7: Velocity Profile of Platform E Case 1 
 
Figure 4-8: Acceleration Results of End-Effector for Case 1 
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As it is demonstrated in Figures 4.5 and 4.6, the required forces for tripod’s actuators is less 
than those of the hexapod due to weight of the components on the actuators. The required 
force for the actuator_Hexa3 in Figure 4.5 is dramatically reduced due to direction of end-
effector rotation and effect of moment.  
The difference between minimum and maximum applied force on the actuators in case 2 
(refer to Figure 4.6) are more than case1due to orientation of end-effector.  
 
4.7 Conclusion 
 
This chapter presented the dynamic formulation of a new configuration of a hybrid parallel 
robot by determining the actuators’ vectors through motion in real time by expanding the 
associated transformation matrix. This method provides a more accurate solution for the 
positioning of the end-effector. The angular velocity and applied actuators’ force calculated 
by using Euler-Newton methods. The 3D model of the system has been linked to a MATLAB 
simulation in order to develop the robot’s control system. The obtained results of forces show 
the required force for a particular motion. The calculated velocity and stiffness of the end-
effector are used to find the optimum motion for the system. The control strategy is developed 
for the system to power the actuators for considered motion. The CAD model that will explain 
in next chapter assist to validate the dynamics formulations as well as control strategy.   
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Chapter 5                                                                                  
Robot Modeling and stiffness Analysis    
 
 
5.1 Introduction 
 
In this chapter, the CAD model of the hybrid parallel robot is designed with SOLIDWORKS 
software package by considering the joints’ limitation and actuators’ strokes. A fully defined 
CAD model is used to simulate the stiffness of the system based on the applied force on the 
system. The theoretical model of stiffness is developed for the proposed model. The 
experimental results validate the theoretical calculation of applied force on the actuators in 
different positions through the workspace of the system. 
 
Due to the high accuracy and stiffness required for motions, six or more degrees of freedom 
are necessary. There are some well known structures which have been investigated such 6-
DOF Stewart platform and 3-DOF parallel robot (tripod). The hexapod (6-DOF) has high 
mobility force due to its numbers of actuators and structural model; on the other hand, 
singularities in the workspace cause a collapsing system through the performance. The added 
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tripod assists to increase the work volume as well as support the singularities while a 
particular end effector position is necessary.  
 
The hexapod is the base of the system due to the large bending moment applied to the middle 
platform. The structure contains nine linear actuators connecting one stationary and two 
moveable platforms. Fifteen universal joints and three revolute joints connect the actuators to 
the platform.   
 
5.2 Designing Hybrid Parallel Robot 
 
The reconfigurable model for the proposed hybrid parallel robot is designed based on a 
considered application of the system. In this section the necessary issues needing to be 
considered are discussed.  
Based on products in the market the actuators are designed in a SOLIDWORKS software 
package. The performance and characteristics of the designed components are explained in 
this section. 
 
The modified design of the parallel robot contains three platforms in its structure. The 
diameters of the platforms are obtained based on the length of the actuators used in the 
system. The extra holes help to change the configuration of the structure as well as assisting in 
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passing the wires to reach the controller. The lower, middle and upper platforms of the system 
are demonstrated in figures 1, 2 and 3 respectively. The diameter of the lower platform (LP), 
middle platform (MP) and upper platform (UP) are 50 cm, 25 cm and 12.5 cm respectively. 
The thickness of all platforms is 5 mm. The aluminium alloy is selected as the material for the 
platforms due to its high strength and very low weight, which is very important for reducing 
the static force on the actuators.    
 
The design of the actuator is similar to a design which can already be purchased. The actuator 
provides linear motion by using a servo motor to provide power.  
 
Universal joints are used for a 6-DOF parallel robot in order to connect the actuators to the 
platforms. Their high efficiency in motion, easily adjustable design and their availability in a 
variety of size and model, are the main reasons for selecting this design. 
 
This small mechanical design assists the attachment of the actuators to the joints. The 
diameter of the outer circle is 10 mm which exactly fits inside the universal joints. The other 
side is attached to the actuator. The figure demonstrates the designed road clevis. 
 
The components in the software connect to each other with an appropriate mate and condition. 
The result is fully defined assembly that is ready to be simulated in FEA and motion analysis 
(Figure 5.1).  
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Figure 5-1: Components of Hybrid Parallel Robot in Assembly 
 
5.3 Stiffness Calculation 
 
The stiffness calculation is dependent on determining the force vector on the actuators which 
is found with inverse kinematics. The potential energy of the system is determined by 
considering the axial deformation of each actuator. Therefore, the total displacement of the 
system is developed by an equilibrium equation of work and energy. However, linear stiffness 
of the system could be calculated by Equation 5.1.a and 5.1.b. 
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                                                                  (5.1.b) 
Where,    is linear stiffness and f is the external force applied on the end effector. 
Moreover,    and       are axial stiffness and length of all actuators respectively, moreover E 
is module of elasticity and A is the effective area onto which force is applied.   
 
In order to find angular stiffness, the force applied on each actuator is calculated by equation 
5.2.a. However, the axial stiffness of each actuator is calculated as previously (chapter 4) in 
Equations 4.10 and 4.11. The amount of deformation of each actuator is obtained to find the 
amount of angular displacement based on the kinematic equation.   
   
 
                                                           (5.2.a) 
                                                                                
 
   
 
Where,    is rotational stiffness and M is external moment exerting to the system. Moreover 
   is the position vector of the platform centre point and joints,    is the force vector created 
by each actuator.  
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The derived formulation of stiffness is developed to calculate the total stiffness of the system 
by considering the axial stiffness of each actuator due to the external force in each position.   
 
Direction of applied external force is changed through motion and different positions. The 
force direction is calculated by a transformation matrix developed for the end effector by 
considering the initial direction while the system is in a normal position, as shown in Equation 
5.3.  
             
       
                                                   (5.3) 
Where,       is direction of force after motion and      is initial direction that is (0, 0, 1). 
 
Therefore, the vector of the external force in a different position is obtained by considering 
the amount of exerted force that is shown by f in Equation 5.4.  
                                                                         (5.4) 
Previously the position vectors of the actuators have been calculated by using inverse 
kinematics, therefore, based on the equilibrium of force theory, the applied force on each 
actuator can be obtained. There are three equations for X, Y and Z direction to calculate the 
amount of force on each actuator. The equation based on the vector is shown in Equation 5.5. 
    
 
   
                                                                               
 Where,     and     are direction and applied force of tripod actuators respectively.  
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The formulation is expanded in order to determine the applied force on six other actuators. By 
subtitling the obtained value of     in equation 5.5, three linear equations can be developed. 
As the stiffness is calculated in a static position, three other linear equations can be obtained 
by developing the moment of inertia equation regarding to point    . 
    
 
   
             
 
   
                                                  
    
 
   
                                                                       
Where,   is the weight of all components on top of platform A, moreover      and     are 
direction and applied force of the actuators respectively.  
The axial displacement of each actuator is obtained by considering axial stiffness that is 
involved with the material properties (Equation 5.8).  
   
   
  
                                                                               
Where,    is axial displacement of actuator and      is amount of the force applied to an 
actuator. 
 
The potential energy of the actuators due to the external force applied is equal to the energy of 
the external force on platform E, as is developed in Equation 5.9. Therefore, the displacement 
of the whole system is obtained in Equation 5.10. Therefore, stiffness of the system is 
calculated in Equation 5.11. 
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Where,    is total deformation of system due to external force on platform E, and     is the 
axial stiffness of the robot.  
The following method is utilized to specify just one number for the stiffness; that makes the 
comparison easier for different configurations in the same particular position. However the 
stiffness of the system in Z=50cm shown in the Figure 5.2.  
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Figure 5-2: Stiffness Distribution in Z=50 
 
According to obtained stiffness results of the system, shown in Figure 5.2, the total stiffness 
of the system is reduced while end effector moves in X and Y directions due to bending 
moment on the system.  
The matrix base development of hybrid parallel robot’s stiffness is demonstrated in Appendix 
A. 
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5.4 FEA Analysis and Case Studies  
 
In this section, displacement of the hybrid parallel robot due to external force is simulated by 
software in order to validate the theoretical method. Stiffness of the hybrid system is 
simulated in different positions and orientation. The stiffness of the tripod and hexapod are 
investigated in different positions in order to compare with those of the hybrid system. 
Besides the material properties of the actuator and joints, the physical structure and position 
and orientation of the end effector are considered for the simulation software. The developed 
software calculates the size of the actuators by inverse kinematic mapping and sends it to the 
designed CAD model in the software to apply FEA on the system. The boundary conditions of 
the simulation and size of parameters are demonstrated in Table 5. While in Table 6 the end 
effector’s position and the length of the actuator in the simulation test is identified. The FEA 
analysis and theoretical results for the considered translation motions are demonstrated in 
Table.6. The obtained data of the simulation demonstrate the range of stiffness in a static 
position. It is planned that the body and joints are fixed to investigate the effect of trajectory 
on the system. The FEA of the system are investigated in a primary position and boundary 
position, demonstrated in Figures 5.3 and 5.4 respectively. The obtained results of theory and 
simulation are compared in Table 7. 
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Table 5: Size of Components of Assembled CAD Model 
 
 
 
 
Table 6:  Lengths of Actuators and End-effector position 
 
            
 
 
 
Parameters Quantity Parameters Quantity 
    mm 500 F (N) 100 
    mm 250 Li (mm) 226 
    mm 125   
Parameters Quantity parameter Quantity 
L1,L2,L3 100, 90, 20 (mm) X 160mm 
L4,L5,L6 20,50, 50 (mm) Y 212mm 
L7,L8,L9 100, 0, 0 (mm) Z -7mm 
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Figure 5-3: FEA Results on Hybrid Parallel Robot                                            
Figure 5-4: FEA Results of System in Initial Position  
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Table 7: Results of Translation Motion Effect on Stiffness in Theory and Simulation 
 
 
 
 
 
 
 
 
 
 
 
The finite element analysis results obtained by the software compared different configurations 
of parallel robot, including the six and three degrees of freedom mechanisms. The figures 
demonstrated the stiffness comparisons of models in the same positions.  More results of FEA 
for the hybrid, hexapod and the tripod are depicted in Appendix B. 
 
 Simulation Theoretical 
Motion (l, m, n, θ, ø, φ) Deformation 
(mm) 
Stiffness (N/mm) Deformation 
(mm) 
Stiffness (N/mm) 
(0,0,1,0,0,0) 0.01233 8110.300081 0.010693 9351.912466 
(6,7,10,0,0,0) 0.01678 5959.475566 0.014888 10113.26861 
(50,50,50,0,0,0) 0.01917 5216.48409 0.016194 6175.2192 
(60,60,50,0,0,0) 0.01972 5070.993915 0.018792 5321.5219 
(0,0,100,0,0,0) 0.01835 5449.591281 0.011586 5321.5219 
(70,60,50,0,0,0) 0.02043 4894.762604 0.020656 4841.1298 
(60,70,100,0,0,0) 0.02077 4814.636495 0.0215 4841.1298 
(70,80,80,0,0,0) 0.02622 3813.228113 0.02678 3734.3439 
(80,70,100,5,0,0) 0.0376 2659.57 0.0355 2818.72 
(60,70,100,5,5,5) 0.0148 6756 0.0151 6622.51 
(80,70,100,10,5,10) 0.0492 2032.59 0.04062 2206.5057 
(50,50,55,10,10,10) 0.05422 1844.33 0.0501 1996.21 
(-70,100,35,15,15,10) 0.02092 4770.18 0.021595 4630.7 
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5.5 Dynamic Stiffness  
 
In order to find more accurate modelling for stiffness, the stiffness of the system was 
investigated through the motion. In the following section the motor force and external force 
and moment are considered to find the result. However, the defined motions are inputs of the 
kinematic program. In order to find the length of the actuator and stiffness of the system the 
results of the theory and simulation are compared for different motions which are provided in 
Table.6. 
 
As the results demonstrated in Figure 5.5, the maximum deformation in the considered 
motions reduced due to the exerted force by the actuators. In order to calculate stiffness of the 
manipulator through the motions, the dynamic of each actuator is calculated based on work 
and energy formulation.      
  
 
 
        
 
 
                                             (5.12) 
Where,           and           ; m and I are mass and moment of inertia 
respectively.  
                                                                  (5.13) 
Where,            and           ; m and     are the mass and axial stiffness of 
an actuator.   
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However, the velocity vector of each actuator could be determined by the inverse kinematic 
formulation and stroke of the actuators that is related to the actuator properties.  
 
The promoters D and    in the graphs is calculated by equation 5.14.a and 5.14.b 
respectively. 
      
                                                           (5.14.a) 
      
    
                                                     (5.14.b) 
In which,   ,   and    are allocated linear motions to the system in X,Y and Z respectively. 
Moreover,  ,     and    are the rotational motions around x, y and z respectively for the 
considered motions.  
The motions were demonstrated in Table 6 are applied to CAD models to determine the 
stiffness of the system. The stiffness of the system is illustrated while linear and rotational 
motions are applied in Figures 5.5 and 5.6 respectively.   
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Figure 5-5: Deformation for Translational Motion 
 
Figure 5-6: Deformation of Rotational Motions 
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The stiffness of the system is reduced while size of the motion is increased.  As shown in 
Figure 5.5, the stiffness of system is increased while total motion is 100 mm because whole 
the motion is just in Z-axis, therefore the exerted bending moment is reduced.  
The angular deformation of the system (Figure 5.6) is slightly increased through the increase 
of angular motion. However most of the angular motions are created by the hexapod while the 
weakest part for applied moment is the tripod.         
 
5.6 Dynamic Simulation  
 
The desired position and orientation are the input of the software to simulate motion of the 
system. The friction of the actuators and joints is considered in this study while the only 
external force applying on the system is the weight of the system. The applied motions are 
demonstrated in Table 8. 
 
Table 8: Applied motions to hybrid parallel robot 
 
 
 
Study factor X (mm) Y(mm) Z(mm)          
Case 1 60 70 100 10 10 10 
Case 2 70 80 85 15 15 10 
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Figure 5-7: Force of actuator through the motion Case 1 
 
Figure 5-8: Force of actuator through the motion Case 2 
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The desired motions are applied to a kinematic program (Matlab) in order to find the length of 
the actuators for particular motions. The calculated lengths are transferred to the interface 
program (VBA) in order to modify the motors developed in the assembled CAD model in 
Solidworks (Appendix D). The CAD software calculates the motor power based on the force 
applied and stroke size of each actuator. Based on the obtained results by the developed 
intelligent motion system, the best possible configuration to reach to the assigned position and 
orientation is identified based on the maximum velocity and payload of the system. 
Theoretical results of the velocity profile of the end effector relating to the coordinate on the 
fixed platform (platform B) are compared with simulation for two considered cases. 
 
Figure 5-9: Velocity Profile Case 2 
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The contact between components assists to calculate friction force through the motions. The 
obtained results from simulation demonstrate the required force (Figures 5.7 and 5.8) for 
mentioned motions in table 7. The maximum force in case one is 18 N while it is 25 N in case 
2.  The applied motion in case two positioned the end-effector close to boundary of workspace 
while the actuator one in the hexapod had the lowest stroke. Therefore the weight of the 
structure is tolerated by that actuator.   
 
5.7 Control Simulation Results  
 
The obtained data is imported to the developed inverse kinematics of the hybrid parallel robot 
in order to find the position of the end effector. 
The accuracy and controlling system of the hybrid parallel robot is experimented in eight 
cases. The results of error in the controlling model for linear motions are demonstrated in the 
figures below. For each case the length of the actuators is imported to simulation software to 
find the position of the end effector from a forward kinematic method.   
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Figure 5-10: Position Error of End Effector in X-axis 
 
Figure 5-11: Position Error of End effector in Y-axis 
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Figure 5-12: Position Error of End effector in Z-axis 
 
As Figures 5.10, 5.11 and 5.12 illustrated the accuracy of theoretical and simulation results, 
the maximum errors are 0.023mm, 0.06mm and 0.02mm in x, y and z directions respectively. 
The errors in considered linear motions could be ignored for rehabilitation application.  
 
5.8 Conclusion 
 
This chapter presented a new configuration of parallel robot with increased workspace. The 
developed stiffness formulation of the hybrid parallel robot is based on calculation of vector 
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direction of each actuator. Different configurations of the hybrid system were simulated using 
finite element analysis. The workspace formulation of the model is developed by defining the 
path motion profile of the tripod, which assists to determine the size of the actuators and the 
joints’ angles. The obtained data are compared against the maximum actual size of the 
actuator and the maximum rotation angle of the joints, respectively. The results show that the 
workspace of the new hybrid parallel robot has significantly increased compared with that of a 
hexapod. The dynamics of the system is simulated for two considered motions to determine 
the forces required for each actuator. The accuracy of control strategy validated the developed 
control strategy and kinematics formulations of the system. The experimentations on the 
physical model are needed to validate the simulation and theory of developed formulations.   
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Chapter 6                                                                                  
Physical Prototype Building    
 
 
6.1 Introduction   
 
This chapter addresses the process of building a physical model of a hybrid parallel robot 
based on a designed CAD model. Static and dynamic experiences are applied on the physical 
model and the obtained results are compared with simulation and theory. The static 
experiments and dynamic experiments involve the stiffness and dynamic theory and 
simulation respectively. 
 
6.2 Physical Model Components  
 
The components of the physical model are selected based on their performance and price and 
are explained in this section. 
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The linear actuator is selected for the structure due to the joints’ model and high accuracy in 
motion. Actuators produce energy with a servomotor. The gears convert the rotational motion 
of the motor to linear motion. The potentiometer inside the system makes the close-loop 
control providing high accurate motion. 
 
The universal joint is selected based on the connection size of the actuator. Therefore, the size 
of the inner diameter of the joint should not be less than 1cm.  
 
This component is manufactured based on a design in CAD software. This component is 
manufactured by a machining group in the University of Birmingham.  
 
The discussed joints are connected to platforms by using an M10 bolt. The fully assembled 
system is demonstrated in a figure below here. 
 
The SCC-32 is a servo controller with the capability to connect to a computer by a serial port. 
The controller works with 6V and has 32 channels for connecting. The program of the serial 
port is developed by MATLAB.  
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6.3 Static Experimentation and Results  
 
The designed experimentation plans to determine the force exerted to the actuators in different 
poses with nine force sensors connecting to the system, as is shown in Figure 6.1. 
Deformation of the system is investigated for the eight different cases comparing the 
theoretical model and simulation.  
 
Figure 6-1: Results of Deformation for Theoretical and Simulation Methods 
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demonstrated in Figures 6.3 and 6.4. The selected points all are positively related to the 
coordinate system on the lower platform, which makes the different lengths of actuators and 
force. The physical model and experimentation conditions are demonstrated Figure 6.2. The 
force sensors are calibrated before placing for experimentation. The calibration methodology 
and results are illustrated in Appendix C.  
The force sensor model is FlexiForce, which has suitable characteristics for the considered 
static and dynamic experimentations. Linearity error of the sensor is 3% while the 
repeatability of the sensor is 2.5% of full scale. The response time of the sensor is 5 
microseconds.  this is an important factor for dynamic experimentation. The force range of the 
sensor is between 0 and 440N.  
 
 
Figure 6-2: Prototype and Experimentation Model 
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The results were obtained while an external force (100 N) was applied to the system on 
platform E.  
 
The parameter D in the graphs is previously defined in chapter five (Equation 5.14.a). The 
same motion in Table 6 is selected for static experimentations.  
 
Figure 6-3: Force on Actuators of Tripod 
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Figure 6-4: Applied Force on Actuators on Hexapod 
The applied forces on the actuators by changing the stroke size of two actuators in the 
hexapod structure are compared in Figure 6.5. While applied force on the actuators in theory 
and experiments are compared in Figure 6.6.  
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Figure 6-5: Force on the Actuators based on the Size of Stroke 
 
Figure 6-6: Comparison of Theoretical and Experimental Results 
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The considered experimental for the system verified the theoretical value force on the 
actuators through translation motion, which is shown in the Figure 6.6. The trends of force in 
theory and experiment results are the validation for theory. The difference in value could be 
calculation of friction and also the error in the sensors. 
 
6.4 Dynamic Experimentation and Results   
 
In the first step the results of the actuator force were obtained by the force sensor on the 
system while the robot was in different positions. In this study, the obtained force results from 
the sensor are compared with the simulation results.  
 
In this experiment the force applied on the actuators through identified motions (Table.7) is 
determined by using force sensors placed between the joints and actuators shown in Figures 
6.7 and 6.8 for case 1. The experimentation rig and sensors are demonstrated in Figure 
6.9.The results of the experiment are compared with simulation in Figures 6.11, 6.12 and 
6.13.   
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Figure 6-7: Motor Force for Experimental Result Case 1 
 
Figure 6-8: Experimental Results of Actuator Force of Case1 
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Figure 6-9: Prototyped Hybrid Parallel Robot for Dynamic Test 
 
Figure 6-10: Prototyped Hybrid Parallel Robot for Dynamic Test 
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Figure 6-11: Force Comparison on the Actuator in Case 1 
 
Figure 6-12: Force Comparison on the Actuator in Case 1 
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Figure 6-13: Force Comparison on the Actuator in Case 1 
As the comparison figures of experimental and simulation results illustrated, the simulation 
results are completely validated. However the experimental results have fluctuation from the 
begging to end of the motion due to quality of the force sensors for dynamic tests. Filtering 
the received data (Developed program in Matlab) are applied for the second case to modify 
the experimental results for comparison.   
The experimental results for case two are demonstrated in Figures 6.14 and 6.15.  The 
simulation and experimental results are compared in Figure 6.16.    
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Figure 6-14: Experimental Results of Actuator Force Case 2 
 
Figure 6-15: Experimental Results of Actuator Force Case 1 
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Figure 6-16: Comparison of Experimental and Simulation Result Case2 
The results of experimentation of dynamics are obtained by using the force sensor through 
second motion while the beginning and ending points were identified. As the Figures 6.13 and 
6.14 are demonstrated, the applied force on the actuators changed according to size of strokes 
and velocity of the actuators. The comparison of the simulation and experimental results are 
demonstrated in 6.15 validate the simulation results. However, there are several factors 
affecting the obtained data from the force sensors such as the pressure between the 
components while the bolt fixed on the washer, the weight of the components, the positioning 
of the force sensors between the components. The required actuator force reduced through the 
motion due to influence of the friction at the beginning of the motion. The increase of the 
force in the second part of the motion is due to affect of the weight in some of the actuators. 
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The actuator-3 has different force path rather than others that is due to stroke size that is less 
than the others. 
The obtained results from experiments were successfully validated the simulation results. 
However the offset between the trend of experimental and simulation results could be due to 
sensor error and effect of the weight through the motions. 
 
6.6 Conclusion  
 
In this chapter, the description of the physical model of the hybrid parallel robot is given.  The 
prototype is built in order to validate static and dynamic simulation and theory results. The 
components of the assembly were introduced. The static and dynamic experiments were 
designed for the system. The obtained results from the static experiments determined the 
applied force on the actuators while the end-effector moved to different positions. The 
comparison figures illustrated validate the simulation and theory results. The difference 
between results could be due to accuracy of force sensors that were used for experiments. The 
dynamics experimentation results were compared with the results of simulation. The 
comparison figures validate the obtained results in simulation and theory. The dynamics tests 
were successfully were applied on the system while the force sensors capturing the applied 
force on each actuator. The theories and the methodologies of stiffness and dynamics were 
validated that verify the proposed hybrid parallel robot configuration.  
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Chapter 7                                                                                  
Path Planning and Control Strategy  
 
 
7.1 Introduction  
 
This chapter presents a singularity-free path planning approach for a hybrid parallel robot as 
well as tracking the end-effector’s position. The best configuration of the robot for reaching to 
the desired position would be decided according to the developed stiffness and inverse 
dynamic of the system. The developed network allows consideration of all the possibilities 
and takes into account the velocity and stiffness of the motion profile. Methodology is 
developed to avoid the singularity configurations of the hybrid parallel robot in this chapter. 
Nominal polynomial paths are used for the motion of the end-effector and the strokes of each 
actuator are calculated by using developed inverse kinematics. A MATLAB program has been 
developed to generate the designed paths, and several poses have been tested in a CAD model 
of the hybrid parallel robot to validate the feasibility of the path planning approach. 
 
The positions of the joints attaching to the platforms are calculated by using a transformation 
matrix while initial positions of joints are fully defined. The developed kinematic of the 
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system is used to find the end-effector’s positions and position vectors of the actuators 
through the motion [96]  
 
7.2 Singularity Analysis 
 
In general, the singularities happen, while some of the vector force of the actuators in 
particular poses and orientations of the end-effector are zero. Singularities in the workspace 
can be calculated by identifying the force transfer matrix of the structure. A typical 
consequence caused by the singularities of parallel robots is collapsing of the parallel 
structure. 
 
The proposed hybrid structure is composed of nine actuators that are connecting two moving 
and one fixed platform. Inverse kinematics calculate the position vector of actuators that are 
not related to each other. The unit vector of each actuator demonstrates the direction of the 
force created by the actuators.      
 
In Cartesian space (global frame), the pose   of the end-effector is determined by the position 
variables (   ) and orientation variables (   ), which can be expressed in equation 
7.1. 
                                                          (7.1) 
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The exerted force on the top platform hexapod (platform A) is developed in equation 7.2. 
                             
                             (7.2) 
Where,      is the force matrix of the hexapod created by the actuators on platform A and    
actuator force. 
 
In order to calculate the vector force, the unit vector of the actuators is obtained. 
   
   
     
                                                       
                 
 
                                                     (7.3.b) 
The created moment on the platform A due to linear forces of the actuators is obtained by 
equation 7.4.  
                     
 
                                           (7.4) 
 
The results of the actuators’ force for each motion could be defined in a matrix that is 
expressed in equation 7.5. 
                     
                                        (7.5) 
The relations of the input and output load of the hexapod parallel manipulator can be given by 
                                                              (7.6) 
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The matrix     is a     force transformation matrix which indicates how the output load 
is related to the input forces.  
 
The force transformation matrix of the hybrid parallel robot is obtained as: 
       
      
               
    
      
               
             (7.7) 
The force transformation matrix   represents the relations between the input forces     and 
the output forces     . When      is singular, the kinematics equation will be degenerated 
and some loads (forces and/or moments) on the upper platform cannot be supported by the 
actuator forces. As a result, the end-effector gains some extra degrees of freedom and 
becomes uncontrollable. 
 
Therefore, the criterion of the singularity configuration of the hexapod platform is equivalent 
to the singularity of the force transformation matrix. Therefore, the criterion of the singularity 
configuration of the hexapod parallel manipulator is given as: 
                             .                                           (7.8) 
Where,      is a command defined to calculate the determinant of a matrix in MATLAB. 
 
The boundary singularity configuration is determined by the boundary conditions of the 
hybrid parallel robot; the boundary conditions are determined by the length limitations of the 
nine actuated legs.  
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The boundary condition of the hybrid robot can be expressed as 
                                                                                (7.9) 
Where,               and              . 
 
Thus, the criterion of the singularity configurations of the parallel robot consisted of the 
criterions of serial and parallel singularities. The singularity-free condition of the hybrid 
parallel robot can be expressed as: 
            , and                                                                (7.10) 
 
7.3 Singularity-free Path Planning Approach 
 
In this section different methodologies are developed in order to support the singularities as 
well as enhancing the performance of the system. The optimized methods are applied on 
developed polynomial path for end-effector.  
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7.3.1 Initial Polynomial Paths for End-effector 
 
The path planning approach for the hybrid parallel robot starts with defining an initial nominal 
path to connect two given poses of the end-effector in the workspace. Initially, a straight line 
is used as the nominal path, however, when the end-effector moves along the considered path, 
large accelerations presented along the path, especially at the start and end poses. 
This problem is solved by using a polynomial path as the nominal path; as a polynomial path 
is smooth, and the acceleration of the path can be taken in consideration by using high degree 
polynomial equations. A detailed description for generating polynomial paths is introduced 
[51].  
 
In this section, a polynomial path will be formulated to connect a start pose    and an end 
pose     without considering the singularity and boundary conditions. The path is formulated 
as a function of a parameter             with the understanding that it can be 
parameterized with respect to time   . The function of the nominal path can be expressed as: 
               
     
       
                   (7.11) 
Where,                and           .  
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Where, the parameter   represents the number of degrees of the polynomial equation which is 
determined by numbers of constraints. In order to finish the tasks faultlessly, the end-effector 
needs to move without velocity and acceleration when approaching the target poses    and    . 
Thus, a rest to rest path with zero acceleration at the start and end pose is considered in this 
path planning approach, i.e. the first, second and third derivative of the polynomial path at 
both initial and final poses must equal to zero. Those constraints are given by 
                                      
                                                                    (7.12) 
 
To meet these eight conditions, a seven degree polynomial path is used, which can be 
expressed as: 
               
     
     
     
      
     
                     (7.13) 
Substituting Equation (7.12) into Equation (7.11), gives the seven coefficients      , …    of 
the polynomial path, and the initial nominal path of the path planning approach given by 
equation (7.13). 
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7.3.2 Serial Optimization Method 
 
After a nominal polynomial path connecting the initial pose     and final pose     has been 
obtained, the path shall be optimized to avoid the singularity configurations of the end-
effector. In this section, an optimization method is developed for the hybrid parallel robot. 
 
According to the kinematic analysis of the hybrid parallel robot, the poses of the end-effector 
along the nominal path are determined by the equation shown below: 
                                                                    (7.14) 
                 are the poses of the central points of the upper platform of the hexapod and 
tripod respectively. The values of position and orientation variables of                  are 
based on the global coordinate system. 
 
By defining a proportional factor   for the equation (7.11), the poses of the hexapod and 
tripod manipulator can be obtained with respect to the poses of the end-effector, which is 
expressed as: 
             , 
                                                                             (7.15) 
A default value was given to the proportional factor  , given as: 
                                                                               (7.16) 
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Thus, initially, the path of the upper platforms of the hexapod and tripod manipulator can be 
expressed as: 
              , 
                                .                                             (7.17) 
 
While the end-effector moves along the nominal polynomial path, the poses of the end-
effector will be checked with the singularity-free condition of the parallel robot; the condition 
has been obtained in Equation (7.13). When a specific pose is determined to be singular, an 
optimization method is developed to adjust the poses of both the hexapod and tripod parallel 
manipulator. This method is called the “Serial Optimization Method” in the remaining 
contexts of this section. 
 
This “Serial Optimization Method” is designed to solve the problem of singularity by 
adjusting the proportional factor   of the hybrid parallel manipulator. Therefore, the pose of 
the hexapod         and the pose of the tripod      will be adjusted to support the singularity 
of the hybrid robot. Meanwhile, the end-effector will always stay at the same pose     , and 
the nominal path for the end-effector will not be changed during this method. Thus, the 
smoothness and continuity of the seven degree polynomial path remains in the final 
singularity-free path. This is also a practical advantage of the hybrid parallel robot over the 
general type of parallel manipulators. 
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7.3.3 Detour Optimization Method 
 
When the “Serial Optimization Method” fails to find a singularity-free path, then the pose of 
the end-effector has to be changed. In this kind of situation, another optimization method 
named the “Detour Optimization Method” will be applied to generate a singularity-free path. 
During this optimization method, a non-singular pose is found for the end-effector. The 
pose      will replace the initial singular pose on the nominal polynomial path. Therefore, this 
optimization method is designed to obtain a singularity-free path by optimizing the nominal 
path locally, and the final path will detour the singular poses presented on the nominal 
polynomial path. 
 
While the end-effector moves along the nominal polynomial path, the poses of the end-
effector will be checked with the singularity-free condition of the parallel robot, when a 
singular pose             presents on the nominal path, a via point       will be obtained by 
applying a loop algorithm. During the procedure of the loop, intermediate poses will be 
determined to replace the singular pose on the nominal path, and the intermediate poses are 
given by optimizing the position variables (x, y and z) of the singular pose. The singular pose 
found on the nominal polynomial path is expressed as: 
                              
                         (7.18) 
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Intermediate poses will be found by changing the coordinate value of the singular pose 
starting from x, y and z respectively. Finally, a non-singular via pose is found, which is 
expressed as:  
                              
                     (7.19) 
 
The output of this detour optimization method is: 
                                                             (7.20) 
Thus, after the method is finished, the singularity pose on the nominal path is replaced by a 
non-singular via pose. The nominal polynomial path has been locally optimized and becomes 
a singularity-free path for the end-effector. During the process of the method, a parameter   is 
utilized to ensure that the via poses do not locate too far away from the singular pose on the 
nominal polynomial path. This parameter is designed to guarantee the smoothness of the final 
non-singularity path. 
 
7.3.4 Time Determing Method 
 
After the final singularity-free path       has been obtained, the path is formulated in terms of 
parameter           . However, the movement of the end-effector should be controlled 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 104  
 
 
by time  , and a time determing method is introduced in this section. This method is designed 
to determine a shortest moving time for the hybrid parallel robot along the singularity-free 
path.  
The method is developed by finding a linear relation between parameter   and time  , the 
relation can be expressed as:  
                                                                              (7.21) 
 
The maximum speed of the linear actuators utilized in the hybrid prallel robot is      , and 
the coefficient   is chosen to ensure that the maximum velocity of the nine actuator legs is less 
than the speed limitation. The velocity of the nine actuators is calculated in the inverse 
kinematic analysis of the parallel robot [97]. 
 
Time   starts from                , and the first second remains for the parallel robot to 
adjust itself to the initial pose desired   . 
 
7.4 Results and Discussion 
 
A MATLAB program has been developed to implement the singularity-free path planning 
approach. The operation process of the MATLAB program is explained in Figure 7.1. The 
MATLAB program was developed in order to generate a singularity-free path based on the 
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original polynomial path, which has been described in this section. In addition, the MATLAB 
code for the inverse kinematic analysis of the hybrid parallel robot was developed.  
 
The step interval   in the MATLAB program is determined to be      , so the nominal 
polynomial path is divided into 100 segments, and each of them will be checked for the 
singularity-free condition.  
 
Figure 7-1: Flowchart of the MATLAB Program 
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After testing the MATLAB program with various trajectories, the best value of the default 
proportional factor is determined to be 0.5. Therefore, motion of the end-effector, is divided 
exactly similar between hexapod and tripod platform respectively. It can be expressed as: 
              ,                                        (7.22) 
 
The MATLAB program has been tested to generate a singularity-free path with various poses 
in the workspace, and one of them is shown below. 
The planed path for the end-effector of the hybrid parallel robot starts from a start pose    to a 
final pose     
               
 , 
                        
                        (7.23) 
 
The result of the determinant of the transformation matrix      is given in Figure 47. It is 
shown the maximum value of the points on the graph is less than zero. Therefore, the criterion 
of parallel singularity given in Equation (7.10) has been met which shows there is no parallel 
singularity on the designed final path.  
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Figure 7-2: Singularity of the Original and Optimized Path 
 
A path connecting these two poses has been generated by the path planning MATLAB 
program, which is shown in Figure 7.2. 
 
After the singularity-free path is obtained from the MATLAB program, the CAD model of the 
hybrid parallel robot is utilized to validate the planned path. Using the motion analysis tool in 
SOLIDWORKS software, the path of the end-effector of the CAD model is determined by 
defining the displacement of the actuator on each leg. There are some poses in the workspace 
of the parallel robot where no singularity-free path exists. These situations represent when a 
pose found by the “Detour Optimization Method” goes beyond the boundary of the working 
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volume. However, these situations have been reduced effectively by the unique structure of 
the hybrid parallel robot. As two parallel manipulators (Hexapod and Tripod) have been 
integrated together in the hybrid parallel robot, one manipulator can remedy the structure 
limitation of the other. The results of middle platform motion in theory and simulation are 
compared in Figures 7.3, 7.4 and 7.5. 
 
Figure 7-3: Motion of Platform A in X-Axis 
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Figure 7-4: Motion of Platform A in Y-Axis 
 
Figure 7-5: Motion of Platform A in Z-Axis 
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The limitations of this path planning approach are lack of prediction of the non-existence of a 
singularity-free path.  The maximum errors for the motion of platform A were 2mm, 1mm and 
1.5 mm in x, y and z respectively. 
 
The results of the applied optimization method for a hybrid parallel robot are compared with 
simulation data in Figures 7.6, 7.7 and 7.8. 
 
Figure 7-6: Motion of Platform E in X-Axis 
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Figure 7-7: Motion of Platform E in Y-Axis 
 
Figure 7-8: Motion of Platform E in Z-Axis 
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The obtained results from the simulation successfully validated the developed theory for 
hybrid parallel robot. The maximum error for end-effector 0.19 mm, 1.57 mm and 2 mm in x, 
y and z respectively.  
 
7.5 Optimum Methodology  
 
The developed methodology assists to define the path for the motion of the platforms while 
the beginning and end positions are known. The stiffness and velocity of the end-effector 
between the points have been calculated in order to select the priority for different 
applications. In the following section the inverse kinematic and inverse dynamic of the hybrid 
parallel are used. 
 
7.5.1 Bezier Curve  
 
The developed Bezier curve is used to assist the parallel robot’s motions for point to point 
control strategy. The convex shape of Bezier curve guides the end-effectors in a motion in 
order to ensure the all actuators equally reach to considered stroke in each pass. In this section 
the Bezier path applied to end-effector motions. The theory and simulation results are 
compared. In the first steps, a surface patch defined by using The Bezier curve. The force of 
the each actuator in order to follow the defined curves is simulated. The general formulation 
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of the Bezier curves is defined in Equation 7.24.a and 7.24.b. The Developed Bezier curve 
formulation has four control points. 
                              
 
                                 (7.24.a) 
       
 
 
                                                        (7.24.b) 
Where,        is defined surface patch and x and y are the parameters are defining surface. 
In addition       is cubic Bernstein polynomial. Moreover, the control points and orientation 
can be arranged to develop new surface meshes. The proposed concept is useful for the 
parallel robot’s searching (parametric sweep) methodology to calculate the work volume [98, 
99]. 
The methodology describes the control points and subdivides to create the surface mash 
between the beginning and end pints. The bilinear blended Coon patch formulation (Equation 
7.25) is used to enhance the efficiency of the end-effector’s motion. The developed patch 
connected the points of the path planning using the curve instead of the lines [100]. 
       
                                        
       
            
            
  
   
 
                                                                                 (7.25) 
Where, the boundary conditions of curve are as listed:               ,        and        
[101, 102].  
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Figure 7.9 demonstrates the applied path on the robot’s end-effector.  The applied curve is 
used to developed the path in robot’s workspace. The sweeping search method is used to find 
the singular points existing in the path. The developed path for the end-effector will be 
compared by obtained results from the simulation software in next section. 
 
Figure 7-9: The Developed Bezier Curve for End-effectors  
 
The case study is developed to test the develop methodology on hybrid parallel robot (Figure 
7.9). In following investigation, the position and orientation is selected for end-effector to 
reach. The Bezier curve is assisting the end-effector in order to guide it to end position. The 
developed Bezier curve are programmed in Matlab software. The obtained results are depicted 
in Figure 7.10. 
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Figure 7-10: Machining Application for Hybrid Parallel Robot Using the Bezier Curve  
 
The obtained data of the Bezier curve was applied to the hybrid parallel robot. The position of 
the end–effector’s changes is calculated by inverse kinematic formulation that is developed 
for the system, the actuators’ stroke are obtained and used for the simulation of the motion 
with software. 
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Figure 7-11: The Bezier Patch Data 
 
The developed Bezier curves were demonstrated in Figure 7.11, are used as end-effector 
motion. In next section the theory and simulation results are compared. 
 
 7.5.2 Simulation Results  
 
The size of the strokes for all the calculated paths is applied to the CAD model to determine 
the required force for the actuators through the motion. In this study, friction between the 
components is not considered. The only external force is the applying weight of the system. 
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The Figures 7.12, 7.13, 7.14 and 7.15 demonstrate the force analysis of the actuators for the 
applied Bezier curves. 
 
Figure 7-12: Applied Force on the Hexapod’s Actuators through the Motion Path1 
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Figure 7-13: Applied Force on the Tripod’s Actuators through Motion Path1 
 
Figure 7-14: Applied Force on the Hexapod’s Actuators Path 2 
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Figure 7-15: Applied Force on the Tripod’s Actuators path 2 
 
The obtained forces for actuators in order to follow the developed Bezier curve are 
demonstrated for two middle paths. In order to follow the paths the stroke size of actuators 
were changed in short time, therefore the obtained results had fluctuation.  The external force 
on the end-effetor was not considered in this study. Therefore the weights of components have 
the maximum effect on the obtained results. The second path have larger amount of the 
angular motion rather than path one.  
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7.5.3 Results of the Optimum Method 
 
The position of the end-effector is simulated for applied motions by using the SOLIDWORKS 
software. The Stroke sizes of actuators are imported data to simulation. The obtained results 
of simulation and developed theory are compared in Figures 7.16 and 7.17.  
 
Figure 7-16: Theoretical and Simulation Results Comparison of Path 1 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 121  
 
 
 
Figure 7-17: Theoretical and Simulation Results Comparison of Path 2 
 
The Bezier curves successfully applied to the path planning of the end-effector. The obtained 
results illustrated maximum 1mm error is in the results of theory and simulation that is not 
effect on the application such as rehabilitation. 
   
7.6 Conclusion  
 
A singularity-free path plan has been developed for the end-effector of the hybrid parallel 
robot. The path is calculated based on a nominal polynomial path with zero acceleration at the 
start and end poses. The nominal path has been optimized to avoid singularity configurations 
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of the end-effector. Through the testing of several examples, the path planning approach is 
proven to be reliable to obtain a singularity-free path for various cases. A limitation of this 
path planning approach is lack of prediction of the non-existence of a singularity-free path for 
the end-effector.   
 
In this chapter, the developed Bezier curve is applied to the hybrid parallel robot in order to 
enhance the motion efficiency of the robot while the beginning and ends of the motion are 
identified. The dynamic model of the hybrid parallel is developed in order to find the motor 
force needed for particular motions. The obtained simulation results of the end-effector’s 
position are compared with a theoretical approach in order to demonstrate the validity of the 
developed system.                                         
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Chapter 8          
Path Planning for Rehabilitation Application 
 
8.1 Introduction   
 
This chapter addresses the path planning of a hybrid parallel robot for ankle rehabilitation. 
The 6-UPU-3-UPR parallel robot is developed to simulate ankle motions for the rehabilitation 
of post-stroke patients with an affected ankle. The inverse kinematic of the hybrid parallel 
robot is developed in order to track the end-effector’s position through Matlab software. The 
calculated stroke size of each actuator is imported to apply the forward kinematic for 
determining the position of the end-effector. The experimental and simulation values of the 
hexapod are compared with those of the hybrid structure through a number of exercise motion 
paths. The results reveal that, in general, the simulation values follow well the experimental 
values, although with different degrees of variation for each of the structures considered.    
 
8.2 Methodology  
 
The inverse kinematic of a hexapod is developed for 6-UPU structure in order to calculate the 
position of the end-effector and actuator stroke, while the path motion of the foot segment is 
applied. The singularity of the hexapod is calculated by using the actuator position vector. 
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High accuracy path motions for the rehabilitation application are needed while singular points 
in 6-DOF parallel robots cause deviation from the desired path. Therefore, in this chapter a 
new configuration of the hybrid parallel robot is introduced in order to increase the work 
volume and the position of the singular points. A 3-DOF parallel robot attached on top of the 
hexapod allows the end-effector to assume the desired position through a number of ankle 
exercise motions. The tripod is controllable for translational motion in Z direction and d 
rotational motions around X and Y axes. The developed inverse kinematic modeling for the 
hybrid parallel robot creates the required path for the identified ankle motions. Motion 
signature is defined as a skeletal model with joint characteristics and ranges including lower 
limb segments displacement information and kinematics with force distribution. To determine 
the path motion for the ankle rehabilitation, the motion signature of the able-bodied, identified 
by gait analysis and 3D gait data, were collected using Vicon system and processed by the 
Vicon Nexus (version 1.7.1) software.  
 
8.2.1 Analysis of Experiment Data  
 
A series of experimentations were performed in the gait laboratory at the West Midlands 
Rehabilitation Centre (WMRC). Thirty healthy male and female testers with a mean age of 
25.34 ±6.32 years, mean height of 162.34 ±31.22 cm, and mean body mass of 70.34 ±4.47 
participated in this experiment. The gait laboratory was equipped with 12 infrared cameras 
(six MX T40 cameras and six MX3+ cameras) with a sampling frequency of 100 Hz recorded 
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the 3D spatial location of each marker as the subject walked. A digital camera was located 
along the walkway to record the movements of the testers in coronal plane and another 
camera was located on the side of the walkway to record the movements in sagittal plane.  
A Kistler force plate at a sampling rate of 1000Hz was embedded in the middle of the 
walkway which was leveled with the floor surface. 
 
Before placing the markers on the lower limb segments, a number of anthropometric 
measurements were evaluated and recorded as required for processing the samples in Vicon 
software (plug-in gait lower body model). The 3D gait data were collected and processed 
using a Vicon system and Vicon Nexus (version 1.7.1) software, respectively. After 
reconstructing the limb segments by Vicon software, the gait events were marked by using the 
video of trials. To define different activities for ankle rehabilitation, different patterns have 
been defined based on path motions of the left foot segment from the first foot strike to the 
second foot strike in a gait cycle. The mean value for trajectories and rotations were 
calculated. Then, the path motion for the foot segment was defined based on the positions of 
the three markers, namely, Toe (which is placed on the second metatarsal head), LCAL 
(which was placed on the lateral aspect of the calcaneus , at the same distance from the most 
posterior point as STAL) which is shown in Figure 8.1.  
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Figure 8-1: Vicon Software Simulation 
 
The perpendicular normal vector of the plane that is created by these three markers was 
calculated based on Equations 8.1.a and 1.b: 
                                                          (8.1.a) 
      
        
 
                                         (8.1.b) 
Where      and    are corresponding three mentioned markers respectively. The values of L, 
M and N are the total translational motion in X, Y and Z axes respectively. 
Based on the translation of the calculated normal vector and angular rotation of the ankle 
(which is obtained directly by Vicon), a path motion for the end-effector of the robot has been 
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defined. Due to stroke limitation of the actuators, the obtained path motion was divided into 
three smaller parts and thus, three different rehabilitation activities have been defined, which 
are the entire required ankle rotations included in these three different activities. 
 
Positions of joints attached to the platforms are calculated by using a transformation matrix, 
while the initial positions of the joints are fully defined. Figure 3.1 shows the hybrid parallel 
robot consisting of two moving platforms.  
 
The position vectors of the hexapod could be developed by equation.2.  
         
                                                        (8.2) 
Where,     is the position vector of each actuator connected to platforms B and A,   
  is the 
transformation matrix for the platform A,    is the initial position of the joint on platform A 
and    is the position of the joints on platform B.  
 
The transformation matrix platform E (End-effector) is related to platform B as given in 
equation 8.3: 
  
    
    
                                               (8.3) 
Where,  
  is the transformation matrix of platform E related to B,   
  is the transformation 
matrix of platform E to B and   
  is the transformation matrix of platform A to B.  
Therefore the length of each actuator is calculated by equation 8.4. 
         
       
                                              (8.4) 
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Where,     is the position vector of each actuator connecting platform A and E,    is the 
initial joint position on platform E and    is the joint positions on top of platform A.  
 
8.2.2 Singularity and Limitation  
 
In this section the limitation and singularities of the hybrid parallel robot are calculated for the 
identified motions.  
 
Fifteen universal joints and three pin joints are used in the hybrid system. Therefore, the 
angles between joint and actuators are determined for the hexapod from equations 8.5.a and 
8.5.b:  
       
   
      
     
                                           (8.5.a) 
       
   
      
     
                                         (8.5.b) 
Where,    and    are axes of the joints on platform B,     is the actuator position vector,     
is the angle of the joint with its x-axis, and     is the angle of the joints with its Y-axis.  
 
The joints’ axes on platform A are moving with the motion provided for the system. The 
joints’ angles are calculated by Equation 8.5.c an 8.5.d:  
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                                         (8.5.c) 
       
   
      
     
                                          (8.5.d) 
Where,    and    are the axes of the joints after the motion of platform A, which can be 
obtained by equations 8.6.a and 8.6.b: 
        
                                                  (8.6.a) 
        
                                                  (8.6.b) 
Moreover,     and     are the joints’ angles with their own X-axis and Y-axis respectively. 
However, the angles of revolute joints are obtained using equation 8.7.a, while the 
parameters    ,    are obtained through equations 8.7.c and 8.7.d respectively. The axis in Y 
direction of the joint should be zero.  
       
   
       
     
                                                    (8.7.a) 
                                                                     (8.7.b) 
         
    
                                                         (8.7.c) 
         
    
                                                        (8.7.d) 
Where,     (j=1, 2, 3) are the angles of the joints connecting to platform E after a particular 
motion, and     is the xis of the revolute joints in a particular pose and orientation.  
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The singularities of the hexapod need to be considered as follows: 
   
           
           
                                              (8.8) 
Where   is the kinematic relation of the hexapod structure. Moreover,    and    are 
determined in equations 10.a and 10.b respectively. 
   
   
     
                                               (8.9.a) 
                                              (8.9.b) 
Where,    is the unit vector of each actuator attached to platforms A and B. Moreover,    is 
the centre of platform B,    is the centre of platform A, and    is the position of the joints on 
platform A (this value could be calculated for each motion.) 
 
The obtained data of the considered path is the total movement for the end-effector. This 
needs to be developed in order to determine the motions for the tripod and hexapod. The 
attached tripod has 3 DOF: one translational and two rotational motions in Z and around X, Y 
respectively. The others are not controllable. Hence, 
          
 
                                          (8.10.a) 
         
 
                                           (8.10.b) 
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Where,    and   are translation motions of the tripod in X and Y directions respectively,    
is the translational motion in z direction. Moreover,     and    are rotational motions around 
X and Y axes, and   
 
 is the initial distance between platforms A and E.  
Therefore, changing the input data based on the capability of the hybrid system can assist in 
reaching the desired position while the hexapod is not in singularity. Thus, 
                                                       (8.11.a) 
                                                      (8.11.b) 
                                                        (8.11.c) 
Where,  ,  ,  are the total translational and rotational motions for the end-effector in Z, X 
and Y axes respectively. Furthermore,   ,   and    are the tripod motions,   ,   and   are 
the motions of the hexapod.  
The condition test theory is developed to find non-singular position and orientation for end- 
effector using Grassman methodology and workspace limitation such as joints’ angles and 
stoke of actuators. The first step is to identify the structural limitation by using the developed 
inverse kinematics. The position vectors of the actuators are the crucial factors to find the 
error in the system. The developed program then check the singular points using Grassman. 
 
Kinematics development uses the end-effectors position and orientation which are required to 
be confirmed. The kinematics and geometry limitations are explained in Equation 8.12. 
Where,           = Vector angle of each actuator between pose A and B. 
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                                                         (8.12.a)                                            
                                                      (8.12.b) 
                                                     (8.12.c) 
                                                   (8.12.d) 
                                                             (8.12.e) 
 
Where,                   and                  . Moreover    is the stroke size of the 
actuators connecting platform A and E (Tripod). 
 
The Boolean condition for the Grassman condition which checks for coplanar, line-line join, 
line-line meet, plane-line meet and point-line join is presented here.  
                                               
 
                       (8.13.a) 
Where                  represents the Grassman error condition described below and GGN is a set 
of Grassman’s error for a given set of iteration. The iteration is created by drawing a pencil 
line using the structure’s line and edge. The limit is the threshold value for the error state. 
 
For a case where               and             for line  , therefore displacement 
along L is found as scalar multiple of d=y-x. The point being displaced is known as moment, 
     .  
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                             .                            (8.13.b) 
Where m is the moment for this point displaced from its origin.  
    
  
   
 
  
   
    
    
    
  
      
      
                            (8.13.c) 
Where m’ are the linear combinations of the columns of m, for some 2x2 nonsingular matrix . 
The Grassman error,             condition is described here as                                 
a) coplanar condition, when d.m’+m.d’=0,  
b) line-line joins condition, when                 ,  
c) line-line meets condition,  
When,           
      ,  
d) plane-line meets when given a plane with equation           . The point of 
intersection is given as                    , 
e) point-line join condition, when                       
Where displacement, d=(y-x) and Plucker coordinates= (d: m). 
The developed methodology identified the singular points of the hexapod using the 
mathematical calculation. The singular points of the tripod were calculated using the 
Grassman error.  
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8.3 Simulation Results 
 
The obtained data of the actuators were imported to the designed CAD model to track the 
position of the end-effector. The modified motor in the software follows the stroke size for the 
considered motions. The obtained data were then tested on both hexapod and hybrid parallel 
robots. Figures 8.2, 8.3, and 8.4 demonstrate the tracking data of the end-effector for the 
hexapod and are compared against the experimental data. The experimental data are the 
obtained motions of the foot. The results are compared over a continuous time range of 0.44 
seconds of a full motion cycle. 
 
Figure 8-2: Hexapod Motion in Z-Axis for Activity 1 
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Figure 8-3: Hexapod Motion in Z-Axis for Activity 1 
 
Figure 8-4: Hexapod Motion in Z-Axis for Activity 1 
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The obtained results of hexapod path planning for ankle motion illustrated the capability of 
parallel robots for the considered application. However there is some difference between the 
simulation and experiment results that could be due to method of tracing the position in 
simulation software. The software track the central mass of the end effector. 
Tracking the position of platform E for the hybrid robot has been obtained using  Matlab 
software as described in Figure 8.5.      
 
 
 
 
 
 
 
 
 
 
Figure 8-5: Program Modeled for Hybrid parallel robot 
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The considered motion has been applied to the developed inverse kinematic of the hybrid 
parallel robot. The results of the simulation motion are compared with the obtained data of the 
ankle rehabilitation in Figures 8.6, 8.7 and 8.8 for X, Y and Z axes respectively.  
 
Figure 8-6: Hybrid Motion in X-axis Activity 1 
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Figure 8-7: Hybrid Motion in Y-axis Activity 1 
 
Figure 8-8: Hybrid Motion in Z-axis Activity 1 
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The obtained results of end-effector in hybrid parallel robot were validated the applied path 
planning strategy for the system. The maximum errors are 2 mm, 3mm and 1.5 mm in X, Y 
and Z direction respectively. In Figure 8.8 the trend of graphs in simulation and 
experimentation were different due to support the singular point in the path.  
 
8.4 Theoretical Results of Ankle Motions simulation  
 
Three different ankle rehabilitation motion ranges have been applied to the hexapod and 
hybrid robot models. The results demonstrate the capability of the new configuration to follow 
the desired path.  
The end-effector positions of the hexapod and hybrid parallel for the applied paths are 
compared with the experimental rehabilitation data, as shown in Figures 8.9, 8.10, and 8.11. 
Here the length of each actuator stroke is 100 mm for both structures. 
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Figure 8-9: Hybrid Parallel Robot and Hexapod Path for Activity 1 
 
 
Figure 8-10: Hybrid Parallel Robot and Hexapod Path for Activity 2 
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Figure 8-11: Hybrid Parallel Robot and Hexapod Path for Activity 3 
It is shown that the hexapod exhibits singularity limitations and is not therefore, suitable for a 
certain range of activities required for ankle rehabilitation. However, the hybrid robot’s 
trajectory can achieve the same range of motions without any singularity limitations. The 
comparisons of the obtained motion profile for the hexapod and hybrid robots reveal that the 
hexapod follows well the hybrid robot in the first motion activity. Furthermore, approximately 
19% of the second activity can be simulated by the hexapod, while the corresponding value 
for the hybrid is 42%. The third activity is fully simulated by the hybrid robot, while the 
hexapod can successfully simulate approximately 41% of the path. 
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8.5 Methodology of Dynamics Experimentation 
 
In order to obtain spatio-temporal parameters, rotation of the angles, trajectory of the markers 
and ground reaction forces, the motion signatures of healthy participants were measured and 
recorded as a skeletal model with joint characteristics and ranges, including links’ 
displacement information and kinematics with force distribution, by the Vicon cameras in the 
gait laboratory of the West Midlands Rehabilitation Centre, Birmingham, United Kingdom.  
 
Identification and measurement of leg segmental motion characteristics were performed for 
30 participants who were selected by an advertisement at the University Of Birmingham; 
these included 15 males and 15 females, with the mean age of 27.05±7.32 years old, a mean 
height of 168.16±14.32 cm and a mean body mass of 68± 7.43 kg. 
The laboratory was equipped with 12 infrared cameras (six MX T40 cameras and six MX3+ 
cameras) with a sampling frequency of 100 Hz. By using the Vicon cameras, the 3D spatial 
location of each marker was detected as the subject walked. Two digital cameras were used. 
One camera was located along the walkway to record the movements of the testers in the 
coronal plane. Another digital camera was located inside of the walkway to record the 
movements in the sagittal plane A Kistler force plate at a sampling rate of 1000Hz was 
embedded in the middle of the walkway, and it was leveled with the floor surface. 
 In order to run the plug-in gait lower body model with the Vicon Nexus software, some 
anthropometric measurements were measured and recorded, such as leg length, knee width, 
ankle width and inter ASIS distance. Two different sets of retro-reflective markers were used 
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for constructing the 3D model of the lower limb. The size of the markers were 9mm and the 
Oxford foot model was used for the left limb and the standard plug-in-gait model (including 
two posterior superior iliac spine (PSI) markers for the pelvis) was used for the right limb.  
 
Participants were instructed to walk barefoot at a self-selected speed , looking towards the line 
of progression, during which data capture was completed. For each tester 12 dynamic trials 
recorded. The 3D gait data were collected and processed by the Vicon system and Vicon 
Nexus (version 1.7.1) software respectively.   
 
After reconstruction of the segment`s motion of the 3D model by Vicon, the foot strike and 
toe off was defined for each leg with respect to the captured videos of the trials. With respect 
to the obtained data, the trajectories and orientation of the markers and joints have been 
exerted and normalized by the following Equation 8.14.  
   
         
             
                                                (8.14) 
 
Where,    is the index of data, MinVal and MaxVel reveals minimum and maximum values 
respectively. 
A specific pattern was defined based on the path motion of the left foot segment from the first 
foot strike to the second foot strike in a gait cycle. Due to the variety of ankle motions for 
different samples, the mean values for the X, Y and Z values in three different planes have 
been calculated for all of the 30 samples and trials. 
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With respect to the trajectories of the Toe marker (which was placed on the second metatarsal 
head), and the LCAL marker (which was placed on the lateral aspect of the calcaneus, at the 
same distance from the most posterior point as STAL), the path motion for the foot segment 
has been defined, and was applied to the hybrid mechanism so it followed this path. 
This path motion would be a walking gait rehabilitation activity in which the ankle will be 
engaged with all of the rotations of dorsiflexion/plantar flexion, adduction/abduction and 
inversion/eversion 
 
8.6 Force Analysis  
 
The data obtained from the experiment of the human foot motions involved the force applied 
to the end-effector. Applied force by the foot for 0.5 seconds of the motion was studied. The 
imported force by each actuator was calculated for the considered motion. In general dynamic 
formulation is expressed in equations 8.15.a and 8.15.b. 
                                                                (8.15.a) 
                                                                (8.15.b) 
 
The force entered by patients is applied to platform E of the system in the following study. 
Therefore, direction of applied force is calculated by the same transformation matrix which 
was developed for the end-effector while the initial direction of the platform is known.  
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                                                   (8.16) 
Where,     is direction of force after motion and    is initial direction that is (0, 0, 1,1) while 
the end-effector is in the home position.  
 
Therefore, the vector of applied force on platform E could be calculated by using Equation 
8.17.  
                                                          (8.17) 
Where, applied force by foot through the motion is a function respected to time. Moreover, 
the force F is defined as follows,              .  
 
   
     
 
   
                                                                  
 Where,     and      are the position vector of the actuator and static force required for 
motion of the actuator for a particular activity, respectively.  
The formulation is expanded in order to determine the applied force on six other actuators. By 
subtitling the obtained value of      in Equation 8.18, three linear equations can be 
developed. The developed formulations calculate the required force for the hexapod’s 
actuators to overcome patient weight.  
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Where,   is the weight of all components on top of platform A, moreover      and      are 
position vector and applied force of actuators, respectively.  
 
In order to find the force of the actuator for a particular motion, the velocity and acceleration 
of the actuator needs to be calculated. The stroke sizes of the actuators were calculated in 
inverse kinematics with respect to time of the motion in the previous section. Therefore, the 
changes of the velocity are obtainable through the experimental data. Thus, dynamic force 
that is needed for the ankle rehabilitation motion is calculated in equation 8.21.  
     
    
  
                                                             
Where,      is the dynamic force for each actuator and    is the mass of the actuator. 
Moreover,    is the distance that the actuator needs to move with respect to time.  
 
8.7 Simulation Results 
 
The obtained data of the actuators are imported to the designed CAD model to track the 
position of the end-effector. The modified motor in the software follows the stroke size for the 
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considered motions. The obtained data are tested on both the hexapod and hybrid parallel 
robot. The figures below demonstrate the tracking data of the end-effector for the hexapod 
and are compared with the experimental data. The experiment data are the obtained motion of 
the foot. The results are compared in limited time (0.5 second).    
However, tracking the position of platform E for the hybrid model is programmed. The 
developed modeled is demonstrated in Figure 8.12. 
 
 
 
 
 
 
 
The experiment data and simulation of model is expressed in x, y and z direction in Figures 
8.13, 8.14 and 8.15 respectively. 
Figure 8-12: Program Modeled for Hybrid Parallel Robot 
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Figure 8-13: Comparison of Experiment and Simulation X-axis 
 
Figure 8-14: Comparison of Experiment and Simulation Y-axis 
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Figure 8-15: Comparison of Experiment and Simulation Z-axis 
The results of simulation and ankle motions are compared in graphs depict the difference in 
results. The part of the path containing positions and orientations of the end-effector is not in 
the workspace of the system. That could force the model to find another path to reach to 
destination point. 
 
8.8 Results and Discussion  
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results of the theory are compared with the foot motion in Figures 8.16. As it is demonstrated 
the foot motion is simulated by a hybrid parallel robot. 
 
 
Figure 8-16: Obtained Path Motion of Theory and Experimental Data 
The desired motions are applied to the kinematic program (Matlab) in order to find the length 
of the actuators for particular motions. The calculated lengths are transferred to the interface 
program (VBA) in order to modify the motors which were developed in the assembled CAD 
mode. The CAD software calculates the motor power based on the applied force and stroke 
size of each actuator. The applied force (by patient’s foot) for 0.5 seconds of the motion is 
used in the software in order to calculate the required force needed by each actuator, as shown 
in the Figures 8.17 and 8.18.   
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Figure 8-17: Applied Force on the Tripod’s Actuators 
 
Figure 8-18: Applied Force on the Hexapod’s Actuators 
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The forces required for path planning of the hybrid parallel robot were demonstrated In 
Figures 8.17 and 8.18. The input data of the force was supported for 0.5 second. The 
similarities of force behavior of the actuator force in this section and previous chapters 
validate the obtained data. The effect of the tripod’s weight on the hexapod caused more 
pressure on the hexapod’s actuators. The changes in the value of the input force were 
identified in the obtained results. All the actuators have the identified path for the considered 
motion simulation. The assumption of this study is that all actuators reach for the required 
motion at the same time in order to increase the efficiency of the motion. The considered 
assumption assists to calculate the velocity of the actuators. The changes in velocity in each 
0.1 second causes the introduction of a nonlinear acceleration. It is proposed that the changes 
in the acceleration of the actuators cause the changes of the required force for the motion. 
The accuracy of the path planning of the hybrid parallel robot is experimented. The results of 
error in the position system for the considered rehabilitation motion are demonstrated in 
Figures 8.19, 8.20 and 8.21. 
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Figure 8-19: Error of the Motion in X Direction 
 
Figure 8-20: Error of the Motion in Y Direction 
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Figure 8-21: Error of the Motion in Z Direction 
The obtained accuracy results for non singular path for ankle rehabilitation illustrated that the 
maximum errors are 0.029 mm, 0.03 mm and 0.08 mm in X, Y and Z direction respectively. 
The results raveled that hybrid parallel robot is very useful device for rehabilitation.   
 
8.9 Conclusion  
 
In this chapter the proposed hybrid parallel robot was tested for a robotic ankle rehabilitation 
application. Different ankle exercise ranges of motion were tested on able-bodied testers in 
order to obtain normalized data in a gait laboratory. The ankles’ motions data were applied on 
a hexapod and a proposed hybrid parallel robot through a developed inverse kinematic model. 
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The actuators’ lengths were applied in CAD software to track the positions of the end-
effector. The comparisons of the hexapod and hybrid robots’ motions demonstrate the 
singularity-related limitations of a hexapod to achieve the desired path, while the hybrid 
structure was successfully able to simulate the considered activities.  
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Chapter 9 
Conclusion 
 
 
9.1 Introduction  
 
Parallel robots have been investigated due to high accuracy, stiffness rather than serial robots. 
They are used for flight simulation, machining and pick and place in small workspace. The 
proposed parallel-serial robot is a new approach to address the limited workspace weakness of 
a hexapod. The research aim is therefore achieved by developing a new design of a 9-DOF 
hybrid parallel robot in order to increase the workspace and supporting the singularities in 
structure.  The main objectives of the research are as follows: 
 Development and verification of inverse kinematic of hybrid parallel robot  
 Development of dynamics analysis of the system  
 Design of CAD model and analysis of robot stiffness 
 Build physical prototype and perform static and dynamic experimentation  
 Development of control strategy and algorithm 
 Systems verification and industrial application evaluation 
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The new configuration of hybrid parallel robot provides opportunities to apply new ideas to 
kinematics, dynamics and control strategies in parallel robots. The design was successfully 
verified in a robotic ankle rehabilitation application.  
 
9.1 Developed Methodologies and Main Results 
 
This project proposed a new 9-DOF hybrid parallel robot. This hybrid parallel configuration 
includes nine actuators attached to one stationary and two moveable platforms. The aim of the 
developed design was to increase the workspace for the mentioned applications. The inverse 
kinematics of the model was developed (Chapter 3) in order to find the working area, 
limitations and singularities in the structure. According to the obtained results of the 
workspace of the hexapod, tripod and hybrid parallel robot, the workspace of the hybrid is 
increased by 362% and 804% compared to the tripod and the hexapod respectively. The 
inverse kinematic of the system was successfully validated with the other methods. The fully 
defined assembly was designed in a CAD model in order to be used for static and dynamic 
simulation. The components of the robot that required being prototyped, such as the road 
clevis, were designed to complete the model. The FEA results obtained from the 
SOLIDSIMULATION software were used to calculate the stiffness of the model. In the 
developed theoretical model the applied force on each actuator in a different pose and 
orientation was calculated. 
 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 158  
 
 
The inverse dynamic formulation of the model was developed based on the Newton-Euler 
method. In this method the velocity of each actuator was calculated based on stroke size for 
particular motions. In the developed method, the angular and linear velocity and acceleration 
of platforms A and E were calculated for both hexapod and tripod. The developed work and 
energy equilibrium determined the whole energy which was applied by actuators. Then, the 
velocity and position of the end-effector were calculated. The stroke size data were transferred 
to the CAD model by a developed interface program to simulate the motion. The applied 
forces on the actuators for particular motions were simulated and demonstrated. The main 
result in Chapter 4 was the developed dynamic methodology to calculate the force applied on 
the actuators, and the linear and angular velocities of the end effector for particular motion.  
 
The physical model was prototyped to test the robot and the proposed theories. The obtained 
results of the dynamic and static experimentation validate the theories developed for the 
system.  The force sensors were placed between the joints and platforms in order to calculate 
the forces applied to the actuators. The force sensors were calibrated using the standard 
method. Each force sensor is placed between two flat platforms and identified weights applied 
on the plate. The force sensors were connected to a microcontroller in order to send digital 
data to the associated computer. The collected data of the applied weight and the measured 
value by force sensors were plotted in order to determine the linear relationship. The data 
obtained by force sensor verified the developed theory for dynamics formulation.   
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The control strategy which was developed was based on the capabilities of the system. An 
extra tripod with three degrees of freedom assisted the system to reach the same position and 
orientation with a different travelling stroke of each actuator. Therefore, the singularities of 
the system could be the supported motion of the end-effector. The Bezier curve was applied to 
the motion of the hexapod to smooth the travelling path. This method increased the efficiency 
of the motion. The obtained results of the different methods were demonstrated in theory and 
simulation.  
 
The rehabilitation application was applied to the robot to test the capability of the system. The 
results of the foot motions were obtained from experimentation on the motions of healthy 
people. A 3D camera was used to capture the position and orientation of the markers attaching 
to the foot. Then 3D paths of the motions were developed with a MATLAB program. The 
obtained paths were applied to the hexapod and hybrid parallel robots’ kinematics to test the 
capability of the systems. The obtained results depicted that the hybrid parallel robot could 
follow the path more efficiently than the hexapod. The data of the stroke size was transferred 
to the CAD model by an interface program (VB) to simulate the motion. The required forces 
for the actuators were calculated for the foot motions. The Results obtained in Chapter Eight 
verified the capability of the proposed parallel robot for tracking the path motion of the foot 
for rehabilitation purposes. 
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9.2 Contribution of this Thesis  
 
A new hybrid parallel robot by developing new sets of formulation for kinematics and 
dynamics and control strategies for industry and rehabilitation applications is designed. The 
theories are validated by simulation studies and experimentations. The research contributions 
are listed as follow:  
 Designing of new configuration of a nine DOF hybrid parallel robot  
Within the designing of the system, this research addressed the inverse kinematics, workspace 
and stiffness development methodology of the hexapod, tripod and hybrid parallel robot.  
 
 New methodology to investigate the dynamics of the model  
In this research the Euler-Newton method is developed for hybrid parallel robot. The results 
of theory were validated by experimentations and simulations.  
 
 New Methodology for developing non-singular path planning for hybrid parallel robot  
The new strategies based on capability of structure were developed in order to support the 
singularities in workspace of the hexapod. 
 The strong performance of the developed system in rehabilitation application can 
contribute in modern motion simulation  
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9.3 Future Direction 
 
The positioning accuracy analysis of allocated application in this research can be extended for 
further development. The research concerned with the development of calculation of design, 
kinematics and dynamics of the proposed system can be applied to industrial application such 
as workholding and/or jigs and fixture operations in assembly of large aerospace components. 
The close loop control model could be develop for the system in order to increase the 
accuracy of the motions. High resolution position sensor (camera or laser) will be needed to 
track the position of the end-effector. The captured end-effector’s position data will be sent to 
the inverse kinematic program in order to reduce the position errors.    
In addition, some of the relevant future directions are listed as follow:  
 Calculating the system dynamics behavior with exact external force applied to end-
effector for the particular application  
 Improving the control model using closed-loop strategies  
 Implementing the optimisation method to enhance accuracy  
 Developing control strategy through using CAD model for Virtual manufacturing 
application 
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Appendices 
 
 
Appendix A: Stiffness Development  
 
In this section, the stiffness of the hybrid parallel robot is investigated through the comparison 
of different models. The derived formulation is based on the stiffness matrix of the tripod and 
the hexapod. Here, all matrices are assumed invariable: 
 [ ] [ ] [ ]F K X 
                                                                     (A.1) 
The Stiffness of the hexapod and the tripod are derived using equations derived by Equation 
A.3. The displacement of the hybrid system is equivalent to the sum of the hexapod and the 
tripod displacements. In order to calculate the equation for the displacement, an inverse 
matrix of the system stiffness is multiplied and as a result, displacement of the system is as 
follows: 
[ ] [ ] [ ]H TX x x                                                                   (A.2)
 
1[ ] [ ] [ ]K F X  
                                                                   (A.3) 
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The displacement formulation of the hexapod and the tripod are given below: 
1[ ] [ ] [ ]H HK F x
  
                                                           (A.4.1)
 
1[ ] [ ] [ ]T TK F x
  
                                                            (A.4.2) 
The obtained formulae for the hexapod and the tripod are substituted in Equation A.2. 
Therefore, the stiffness of the system is obtained as follows: 
1 1 1[ ] [ ] [ ]H TK K K
   
                                                      (A.5) 
 
 
 
 
 
 
 
 
 
 
 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 170  
 
 
Appendix B: Simulation Results of the HPKM 
 
In following tables the FEA simulation conditions for the hybrid parallel robot are explained 
in more detail.  
 
Table 9: Fixture Position of the FEA Simulation 
Restraint name Selection set 
Fixed-1 <Lower_Platform_Assem-1/Spherical1-1, 
Actuator for simulation 2-5, Lower_Platform_Assem-
1/Spherical1-2, Actuator for simulation 2-4, Actuator 
for simulation 2-3, Lower_Platform_Assem-
1/Spherical1-3, Lower_Platform_Assem-
1/Spherical1-6, Actu... 
 on 21 Face(s) fixed. 
 
Table 10: Load Position on Platform  
Load name Selection set Loading type 
Force-1 <End_Effector_assem-
1/end effector-1> 
 on 1 Face(s) apply normal force 
100 N using uniform 
distribution  
Sequential loading 
Gravity-1 Gravity with respect to Front 
Plane with gravity acceleration -
9.81 m/s^2 normal to reference 
plane  
Sequential loading 
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Table 11: Mesh Information 
Mesh Characteristic Mode 
Mesh Type Solid Mesh 
Mesher used Standard mesh 
Automatic transition Off 
Smooth surface On 
Jacobian check 4 Points  
Element size 3 mm 
Tolerance 0.15 mm 
Quality High 
Number of elements 459740 
Number of nodes 774688 
Time to complete mesh(hh;mm;ss) 00:10:12 
Computer name: USER-PC 
 
The FEA results of the SOLIDSIMULATION software on the HPKM for two different 
configurations with different size of actuators are presented below. The configurations are 3-
3UPU-3UPR and 6-3UPU-3UPR with a stroke size in the range of 30 to 170 mm.  
 
Figure A-1: The Stiffness Comparisons of Two Configuration of Hybrid Robot 
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Figure A-2: FEA Results of the HPKM 6-3-3 with Different Stroke Sizes from 30mm- 200mm 
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Figure A-3: FEA Results of the HPKM 3-3-3 with Different Stroke Sizes from 30mm- 200mm 
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Figure A-4: Hexapod with a Stroke Size of 100mm FEA Results  
 
Figure A-5: Hexapod with a Stroke Size of 200mm FEA Results 
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Figure A-6: Tripod with a Stroke Size of 100mm FEA Results 
 
 
 
 
 
 
 
 
 
Design of 9 DOF Hybrid Parallel Robot 
 
 
Page | 176  
 
 
Appendix C:  Sensors Calibration  
 
The force sensors are used to identify the applied force to the actuators for static and dynamic 
validity of theoretical and simulation methods. Nine sensors are used in the HPKM structure. 
The sensors’ calibration graphs are demonstrated in the figures below:  
 
Figure A-7: Results for Calibration of Sensor 1 
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Figure A-8: Results for Calibration of Sensor 2 
 
Figure A-9: Results for Calibration of Sensor 3 
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Figure A-10: Results for Calibration of Sensor 4 
 
Figure A-11: Results for Calibration of Sensor 5 
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Figure A-12: Results for Calibration of Sensor 6 
 
Figure A-13: Results for Calibration of Sensor 7 
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Figure A-14: Results for Calibration of Sensor 8 
 
Figure A-15: Results for Calibration of Sensor 9 
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Appendix D: Interfacing Program for MATLAB and SOLIDWORKS 
 
Different programs are developed for making the interface between Solidworks and Matlab 
software packages to increase the control variety for the HPKM. Stroke size of the actuators is 
transferred with the developed program to simulate FEA in the following position as well as 
the motion of the actuators. The program is able to capture the position of three points on the 
end-effector of the system. The data are transferred to Matlab to calculate the lengths of the 
actuators by using inverse kinematic formulation. The interface helps to control the physical 
model by moving the CAD model.     
 
Figure A-16: GUID Control Model with Interface Program 
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Appendix E: Drawing of Designed Components  
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